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Abstract 
 
Geomaterials, such as soils and rocks, are discontinuous and multiphase in nature 
since they are a mix of particulate elements and different constituents. The discrete nature 
of geomaterials yields a complex media to deal with regarding predictive capabilities that 
can only be achieved through expensive computational simulations. The computational 
modelling of geotechnical problems may consider continuum mechanics or discrete 
element frameworks to simulate the behaviour of all the features involved. Undoubtedly, 
continuum-based simulation techniques are predominant in geotechnical engineering 
practice and have significantly influenced our comprehension of soil response. However, 
continuum simulations do not consider special features of granular matters at the grain 
scale that finally determine the characteristic behaviour of particulate materials. On the 
other hand, the Discrete Element Method (DEM) is in fact based on the inter-particle 
physical processes at the micro-scale and, in the last decades, has been widely used to 
simulate a large range of geomaterials, allowing quantitative and qualitative analyses. 
However, it lacks the scalability and efficiency of models based on continua. 
This investigation is focused on the modelling of the macroscopic mechanical 
response of granular assemblies, as a natural consequence of their micromechanical 
properties, but employing the micro-/mesoscopic method described above. Simulations of 
true triaxial tests (TTT), an important test in geotechnical engineering, using 3D virtual soil 
samples are executed with an advanced DEM code that can model assemblies of grains 
that are made of spherical or non-spherical particles. A DEM-based calibration 
methodology is thus proposed giving insights on the reliability of the discrete method to 
replicate soils’ mechanical behaviour. 
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INTRODUCTION  
 
Background  
Soils and other granular materials are inherently particulate systems and behave in 
unique manners when compared to other Engineering materials such as concrete or steel. 
In fact, it can be argued that granular materials are the fourth state of matter since, 
depending on the packing density and stress conditions, they can behave like a solid 
continuum at times, or they may flow like liquids [1].  
In geotechnical engineering, soils are typically modelled and simulated as a continuum 
media with ideally mechanical behaviour; e.g. ideally elastic or perfectly plastic. The use of 
a continuum mechanics framework requires sophisticated constitutive laws (stress–strain 
relationships) to model the complex macroscopic soil response and often disregard the 
micromechanical interaction between soil particles. The macro-mechanical soil behaviour 
is the result of the complex interaction between basic elements such as a wide range of 
inter-particle forces acting on the discrete assembly, relationships and properties at the 
grain scale (micro-scale) as well as interactions with pore fluids and boundary conditions.  
The development of discrete element methods for numerical modelling of granular soils 
has been greatly expanded; theories and computations can now provide valuable insights 
into behaviour and knowledge of the characteristics of ideal systems and can be useful for 
interpreting data involving real soils [2]. In particular, Krabbenhoft et al. [3] argue that the 
motion and interaction of discrete particles can be simulated using one of two different 
approaches; the most popular one is known as the discrete (or distinct) element method 
(DEM) pioneered by Cundall et al. [4]. The second approach is known as non-smooth 
contact dynamics (CD) method originally developed by Moreau et al. [5].  
The present study focuses on the DEM simulation of compressional and extensional true 
triaxial tests (TTT) of 3D virtual granular assemblies with accurate micromechanical 
contact laws and parameters. For the virtual experiments, samples are made of spherical 
or non-spherical particles, featuring nearly realistic physical soil properties (density, void 
ratio, etc.).  The macroscopic response obtained will be contrasted against laboratory 
results.  
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Research Objectives 
This research concerns with the analysis and evaluation of the macroscopic 
mechanical response of granular assemblies as a function of the micromechanical 
properties and different stress paths.  
The specific objectives are listed below: 
1. Modelling and evaluation of realistic micromechanical properties of granular 
assemblies to represent their macroscopic responses. 
2. Assessment of the influence of rolling resistance coefficients on the macro-scale 
mechanical behaviour. 
3. Large scale triaxial simulations with particles of different shapes (spheres and 
polyhedra). 
4. Validation of simulations using comparisons against experimental results, observing 
strength and dilatancy parameters. 
 
Importance of the Study  
The ability to properly model granular assemblies is an essential step towards 
understanding how soils behave in addition to building knowledge on how mathematical 
models should be constructed. Furthermore, as computer power is exponentially 
increasing, discrete models are becoming more common in design, particularly when 
complicated situations involving complex particles behaviour need to be better 
characterised. Besides, the study reflects the predictive capability of numerical modelling 
on the study of granular soils. Therefore, the outcomes of this research will certainly 
contribute with geotechnical engineering and future models and simulations involving soils. 
 
Thesis Structure  
The thesis is structured in five sections. First, Chapter 1 summarises information about 
the mechanical soil behaviour with emphasis on sands. Special attention is given to 
Toyoura sand. This first chapter also includes a review of stress and strain invariants, 
required when analysing DEM numerical data. 
Chapter 2 contains the literature review of the discrete element method (DEM). A standard 
Introduction 
3 
 
DEM procedure is given as well as its limitations and capabilities are listed. Contact 
models of inter-particle forces are also explained. Finally, values of typical micro-
mechanical parameters are reported. 
Chapter 3 presents the simulation process of virtual true triaxial tests (TTT). Discussions 
about the numerical setup, the construction of the matter assembly and the representative 
volume are given. A calibration methodology of the sample density is fully explained. 
Finally, optimal micro-mechanical parameters are reported based on the evaluation of the 
numerical error. 
Chapter 4 focuses on the TTT simulations executed with Voronoi sphero-polyhedra 
elements. The simulation setup and the representative model are discussed. As a result, 
the micro-mechanical parameters for best numerical simulations are reported.  
Finally, Chapter 5 presents a final discussion and conclusions of the present research. 
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CHAPTER 1 
Soil Mechanical Behaviour  
 
1.1 Introduction 
Cohesionless soils are complex particulate materials with unique mechanical 
behaviours. Soils are made of interacting solid, liquid and gas phases which determine the 
final mechanical properties. In particular, sands and gravels are known as structure-
dependent geomaterials: particles characteristics and their distribution rule their response. 
Even though, soils are typically modelled as a continuum media in geotechnical 
engineering. 
The stress-strain behaviour of sand depends on two key factors: the physical nature of the 
sand and its physical state. The nature of the sand is related to its constitution as a 
granular material and is commonly described by material properties such as the grain size 
distribution, fines content, grain shape and mineralogy among others. The state of the 
sand, on the other hand, indicates the physical conditions under which the sand exists. 
Typical variables describing the state of the sand are the relative density “Dr”, the effective 
stress state and fabric [6]. 
In recent years, the development of discrete element methods for numerical modelling of 
granular soils has been greatly expanded. As a result, the macro-mechanical soil 
behaviour can be modelled by simulating the interaction between basic elements acting in 
the discrete assembly. The present research applies the Discrete Element Method (DEM) 
to modelling the macro-scale response of sands.  
This chapter contains relevant information about the mechanical behaviour of 
cohesionless soils, with emphasis on sands. Special treatment is given to Toyoura sand, 
the Japanese standard sand scope of the present investigation. 
 
1.2 Soil fabric & structure 
As stated by Thornton [7], powders and other granular media composed of discrete 
particles exhibit very complex nonlinear, hysteretic, stress-strain behaviour which is both 
stress level and stress path dependent. The complexity arises from the fact that the 
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ensemble macro-scale response is a function of the spatial, size and shape distributions of 
the constituent particles. According to Mitchell et al. [2], the term fabric refers to the 
arrangement of particles, particle groups and pore spaces in the soil. The term structure is 
sometimes used interchangeably with fabric. In the early 1970s, attention was directed at 
particle arrangements in cohesionless soils. 
As stated by Ventouras [8], the two most important factors that control the behaviour of 
any sand in compression are the initial particle size distribution and the strength of the 
individual grains that make the sand.  Mineralogy is the primary factor controlling the size, 
shape, and properties of soil particles. These same factors determine the possible ranges 
of physical and chemical properties of any given soil; therefore, a priori knowledge of what 
minerals are in a soil provides intuitive insights as to its behaviour [2]. 
Although the stress-strain behaviour of soils as the granular materials is different 
depending on its ingredients (e.g., grain shape and size), it is also affected by its property 
(density, bonding, degree of saturation, temperature) and several loading condition (e. g., 
cyclic loading, stress history, strain rate and creep) [9].  
 
1.3 Mechanical response of Toyoura sand 
The mechanical behaviour of Toyoura sand has been studied intensively since the 
early 80´s. Toyoura sand is the Japanese standard sand. 
Ishihara [10] executed a series of laboratory tests on Toyoura sand to evaluate the 
undrained and residual strength for the evaluation of liquefaction vulnerability. Undrained 
triaxial compression tests were conducted on samples prepared by the moist-placement 
method at relative densities of 7% - 65%. The study highlights that the sand tends to 
exhibit dilative characteristics if the density is great or the initial confining stress is 
sufficiently low; in that case, the shear stress rises with increasing shear strain until the 
steady state is reached. However, a loose sand subjected to a large confining stress 
exhibits first a contractive behaviour and then starts to dilate approaching to the steady 
state. It is shown that loose Toyoura sand exhibits this contractive to dilative response. 
The study also remarks that the sand fabric formed during its deposition has a significant 
influence on the behaviour in subsequent undrained loading. A series of compressional 
triaxial tests are shown in Figure 1-1. 
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Figure 1-1. Undrained behaviour of loose (a), medium loose (c) and dense samples (a, 
bottom figure) of Toyoura sand, from Ishihara [10]. 
 
Yoshimine et al. [11] conducted a series of triaxial compressional and extensional test on 
Toyoura to evaluate its flow potential during liquefaction. It was found that triaxial 
compression gives the highest resistance with lowest contractancy, while the triaxial 
extension gives the opposite extreme in the assessment of flow failure. The undrained 
monotonic shear behaviour of sand in triaxial extension is far more contractive than in 
triaxial compression. This fact indicates that the undrained shear behaviour of sand is 
strongly affected by the mode of deformation. As a result, they stated that a big difference 
exists in the shear behaviour of sand between triaxial compression and extension, even 
though the density is almost the same for each initial consolidation stress. It is also cited 
that the steady state appears at medium to large deformation during undrained shearing of 
sand. Figure 1-2 presents the results of compressional and extensional triaxial tests on 
reconstituted samples at their loosest state.  
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Figure 1-2. Triaxial compression and extension tests on Toyoura sand,                          
from Yoshimine et al. [11]. (a) Shear stress in terms of shear strain for different values of 
effective mean principal stress and initial void ratio. (b) Shear stress in terms of effective 
mean principal stress for different initial void ratios. 
 
1.4 Lode angle and Stress paths 
Muir Wood [12] pointed out that the need to consider stress paths arises because real 
soils cannot be treated as isotropic or elastic materials; they must be dealt with as 
inelastic, anisotropic, and history-dependant materials whose behaviour cannot be 
described by a small number of elastic parameters. In that sense, when the stress paths 
that are followed by soil elements in certain typical geotechnical structures are considered 
in a triaxial apparatus, then prediction of deformations, made with soil models based on 
triaxial test data, may be satisfactory. 
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Galindo-Torres et al. [13] state that to understand the stress-strain relationship, the soil 
sample is usually subjected to different stress configurations while measuring the resulting 
strains. The true triaxial test (TTT) is a convenient procedure for this purpose since it 
allows the loading process according to a pre-defined stress path. The evaluation of the 
mechanical response requires the calculation of the following quantities:  
• Negative Cambridge mean stress invariant: 
 = −  ( + : + )                                                                                         (1.1) 
 
• Cambridge deviatoric stress invariant: 
 = √<( − ) + = − :> + =: − >                                                     (1.2)    
 
• Volumetric strain: 
 =  + : +                                                                                                       (1.3)                                                       
 
• Deviatoric strain: 
 = √ <( − ) + = − :> + =: − >                                                   (1.4) 
 
The failure envelopes are constructed in the Haigh-Westergaard space in which the 
octahedral plane can be defined (Figure 1-3). The octahedral plane that passes through 
the origin is known as the ?-plane. The Haigh-Westergaard plane is a planar surface 
perpendicular to space diagonal (hydrostatic axis), a line with equal angles respect to the 
three principal stress axes.  
The angle of Lode or simply “Lode angle” (θ) is an angular representation of a particular 
combination of the three principal stresses (,  and ). This value is measured in the 
Haigh-Westergaard plane, with values from -30° (−? 6⁄ ) to +30° (? 6⁄ ) that represents one-
six of a homogenous failure envelope. The Lode angle (θ) can be formulated in different 
manners; in the present study the formulation used by Dorival Pedroso in his PhD Thesis 
[33] and also given by Galindo-Torres et al. [13] is used (see equation 1.5). The reason 
those authors selected a particular formulation for this angle is related to the definition of 
expressions for failure criteria (a topic outside the scope of this thesis).  
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Thus, the triaxial compression test is represented by θ=+30° meanwhile the extensional 
one by θ=-30°.  
  " = 30° − D EDF G√=HI)HJ>HK)HI)HJL                                                                                   (1.5) 
 
 
 
Figure 1-3. Haigh-Westergaard or Octahedral plane and definition of                            
Lode angle θ, from [13].  
 
As an example, in the study of Galindo-Torres et al. [13], four different types of stress 
paths are applied to virtual true triaxial tests. Those paths are illustrated in Figure 1-4 and 
represent the following loading paths: 
• (1) Initial isotropic compression: the three principal stresses (,  and ) have the 
same value and are increased equally. As a result, the mean stress  gradually 
increases meanwhile no increment of the deviatoric stress  is observed. The 
isotropic compression or stress path (1) is the first stage of a triaxial test; 
• (2a) Conventional compression tests with constant lateral stress and increasing 
vertical stress: the confinement pressure is kept constant (=) while the deviatoric 
pressure is applied vertically (>=). As a result, both the mean stress  and 
the deviatoric stress  increase until the compression failure envelope is reached;  
• (2b) Conventional extension tests with constant vertical stress and increasing lateral 
stress: this stress path is the opposite of the previous path (2a). The mean stress  
gradually decreases while the deviatoric stress , which means that the stress 
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reduction in the vertical direction () is higher than the increment of the confinement 
pressure (=). Finally, the extension failure envelope is reached at a lower 
deviatoric pressure;   
• (3)  constant tests with a combination of stresses allowing a predefined constant 
Lode angle (θ) to be reproduced on the octahedral plane: the sample is loaded without 
any change in the mean stress . Theoretically, the extension failure envelope is 
reached before the compression one. Those paths vary from extension (θ=-30°) to 
compression (θ=+30°). 
 
 
Figure 1-4. Applied stress paths, from [13]. 
 
The present study focuses on the DEM simulation of true triaxial tests under the  
constant stress path for different Lode angles (from compressional to extensional tests). 
The stress and strain invariants of numerical simulations are computed in order to 
effectively represent the experimental data provided by Nakai et al. [14] for Toyoura sand.  
 
1.5 True triaxial test 
The true triaxial test (TTT) is a sophisticated geotechnical laboratory experiment [15]. 
The TTT equipment deforms cubical samples of soils by the application and monitoring of 
three independent principal stresses ( ≠  ≠ ) and corresponding principal strain 
increments. Its main advantage is the possibility of evaluating the influence of three 
principal stresses on the mechanical soil behaviour, including the effect of Lode angle and 
the rotation of stresses. Moreover, different stress paths can be applied to verify the 
different strengths that can be observed when samples are loaded under extension paths 
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and compression paths. As a reference, Figure 1-5 shows a true triaxial cubic cell. 
 
 
 
 
Figure 1-5. True triaxial cubic cell, from [15]. 
 
It is important to remember that granular soils behave depending on the loading 
characteristics and that in real cases soils can be subjected to more complex stress 
combinations than usual compressional test, represent by the standard triaxial equipment. 
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Due to the abovementioned, the true triaxial test (TTT) is essential for geotechnical 
engineers to describe thoroughly the mechanical soil response.  
 
1.5.1  Toyoura sand 
The Japanese standard sand is called Toyoura sand [10]. Toyoura sand ranges from 
well sorted to uniform fine sand consisting of sub-rounded to sub-angular particles [6, 10, 
16, 17]. Toyoura sand is a quartzite sand according to the mineralogical composition 
reported by Oda et al. [16] (75% quartz, 22% feldspar and 3% magnetite), Bolton [18] (~ 
90% quartz, ~ 3% chert) and Gutierrez et al. [19] (90% quartz, feldspar and chert). Such 
mineralogy results in a specific gravity Gs of 2.64-2.65 [14, 17, 20, 21]. Figure 1-6 shows 
the grains´ shape and size distribution of Toyoura sand, also their colour variety may give 
insights about its mineralogy.  
 
 
Figure 1-6. Photomicrograph of Toyoura sand grains, from [18]. 
 
Figure 1-7 shows five particle/grain size distributions (PSD or GSD) reported for Toyoura 
sand by different authors. Toyoura´s grain diameters range from 0.075 mm to 0.45 mm, 
verifying it as a clean fine sand because of its null percentage of fines (Fraction < 0.075 
mm = 0). Ishihara [10] and Goto et al. [22] report the two widest GSD featuring the 
greatest percentage of fine particles between 0.10-0.20 mm (0-65/70% passing 
percentage). Matsushima [23] presents the narrowest GSD, which was obtained from X-
ray CT data for 400 grains, and it is in good agreement between 0.10-0.25 mm (0-90% 
passing percentage) with that proposed by Federico et al. [24]. Yamashita et al. [25] 
present a kind of averaged GSD localised among the other ones. Except for Matsushima 
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[23], all given GSD have a significant agreement for the biggest grain sizes (90-100% 
passing percentage). 
 
Figure 1-7. Grain size distribution (GSD) of Toyoura sand given by five authors. GSD 
presented by Matsushima [23] was obtained from X-ray CT data for 400 grains. 
 
Table 1-1 presents basic geotechnical properties of Toyoura sand, given by different 
authors. The distribution of particle sizes is characterised by a mean diameter D50=0.15-
0.20 mm, the coefficient of uniformity Cu=1.30-1.70 and coefficient of curvature Cc=0.96-
1.05. From given data, the Unified Soil Classification System (USCS, ASTM 2487) 
classified Toyoura sand as a poorly graded sand “SP” (%fines=0, Cu<6 and Cc<1). The 
grain size distribution for DEM numerical simulations (DEM Model) is based on the 
experimental data abovementioned and will be explained in detail later on here.   
Table 1-1 also presents the maximum and minimum void ratio, emax and emin respectively, 
which represent the loosest and densest state of cohesionless granular soils. The 
characteristics void ratios emax and emin are used in the formulation of the relative density 
Dr that quantifies the soil state. As for Toyoura sand, emax ranges between 0.95-0.99 and 
emin between 0.58-0.63. In the majority of cases, the values of emax and emin were obtained 
according to the standard laboratory tests proposed by the Japanese Geotechnical Society 
(JGS). Data is given in chronological order, from the oldest to the most recent study. As a 
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reference, clean uniform sands and fine to coarse sandy soils present the following typical 
values of characteristic void ratios: emax=0.85-1.00 and emin= 0.20-0.40 [2, 26, 27]. 
 
Table 1-1. Index properties of Toyoura sand. 
Grading parameters Void ratio Specific 
gravity 
Gs 
References 
Cu Cc D50 (mm) emax emin ∆e  
1.40 - 0.15 0.978 0.612 0.366 2.65 Yoshimi et al. [28] 
1.50 - 0.18 0.99 0.63 0.36 - Oda et al. [16] 
1.30 - 0.20 0.95 0.58 0.37 2.65 Nakai et al. [14]  
1.46 1.05+ 0.16 - - 0.40+ 2.64 Goto et al. [20]  
1.70 - 0.17 0.977 0.597 0.380 - Ishihara [10]  
1.607 0.929 0.162 - - - - Goto et al.° [22] 
1.40 1.014 0.182 - - - - Yamashita et al.° [25] 
1.70 - 0.17 0.977 0.597 0.380 2.65 Verdugo et al. [17] 
- - 0.17 0.977 0.597 0.380 - Yoshimine et al.     [11, 29] 
1.50 1.05 0.16 - - 0.372+ - Penumadu et al. [30]   
1.46 1.05 0.162 - - 0.364 - NTI+, 2000 [31] 
1.487 - 0.17 0.9768 0.6131 0.364 2.646(*) Cubrinovski et al.* [6]   
1.349 1.057 0.20 - - - - Matsushima° [23]   
1.33 0.98 - 0.98 0.62 0.36 - Onur et al. [32]   
1.392 0.966 0.205 - - - - Federico et al.° [24]   
1.47 1.012 0.174 0.976 0.606 0.369 2.648 Mean index values 
0.126 0.048 0.017 0.011 0.016 0.012 0.004 Standard deviation 
+
 Reported by Martínez, not found in papers 
* Reported mean values from 13 independent studies / (*) Personally computed from data 
° Values computed from Grain Size Distributions (GSD) 
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Figure 1-8. Values of emax and emin for Toyoura sand. 
 
Figure 1-8 presents the plotting of maximum and minimum void ratios (emax and emin) given 
in Table 1-1 (including data from 13 studies reported by Cubrinovski et al. [6]). In both 
cases, scattering is relatively small with emin showing slightly higher dispersion; standard 
deviation for emax and emin are 1.1% and 1.6%, respectively. However, these index 
parameters of Toyoura sand do not fit the empirical relation for clean sands obtained by 
Cubrinovski et al. [6]; values lie down the equation featuring an inverse behaviour for the 
characteristics void ratios (higher emin and lower emax). 
 
1.5.2  Experimental data 
Prof. Nakai and H. Matsuoka [14] report a series of extensional and compressional 
true triaxial tests carried out on saturated Toyoura sand. All the tests were under the 
stress-controlled method, under a constant mean stress =196 kPa and drained 
condition. The tests were conducted with reconstituted samples of 5 x 5 x 10 cm in size. 
Specimens were prepared by pouring and compacting the saturated sand in several 
layers. Two densities were achieved, represented by initial void ratios of eo ≈ 0.68 and 
0.80 (medium dense and loose sand, respectively). The main experiments were performed 
with medium dense sand.  
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Toyoura sand is a fine and uniform sand which features the following parameters: specific 
gravity Gs=2.65, maximum void ratio emax=0.95, minimum void ratio emin=0.58, mean 
diameter D50=0.2mm, coefficient of uniformity Cu=1.30 [14]. 
Nakai et al. [14] present the true triaxial test results concerning the principal stress ratio 
( ⁄ ) vs. principal strains (, ) for five different radial stress paths or Lode angles 
(θ=0°, 15°, 30°, 45° and 60°), see Figure 1-9. As it was mentioned in section 1.4, in this 
study the Lode angle defined in Pedroso [33] (equation 1.5) is selected instead of Nakai’s 
[14]. A brief comparison between both notations is given in the following lines:  
- Compression: Nakai (θ=0°), this research (θ=30°); 
- Extension: Nakai (θ=60°), this research (θ=-30°); 
-
 Relation: θresearch = 30° - θNakai 
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Figure 1-9. Principal stress ratio vs. principal strains in true triaxial tests                                          
on Toyoura sand, from [14]. 
 
Based on Prof. Nakai‘s work, Pedroso [33] developed continuum-based mathematical 
models for representing the stress-strain and volumetric relations ( vs.  ⁄  and  vs. ) 
of Toyoura sand laboratory behaviour according to different values of Lode angle θ. 
Details of the model are available in the cited work. The model is based on unconventional 
plasticity and is well described therein. As aforementioned, Pedroso [33] used a different 
Lode angle expression than Nakai et al. [14]. Strength and dilatancy curves are shown 
Figures 1-10 and 1-11, based on the experimental data reported by Nakai et al. [14]. 
Definitions and equations for the stress and strain invariants (, ,  and ) are given in 
section 1.4 [13, 33].  
 
Figure 1-10. Cubic triaxial results of Toyoura sand. Strength curves for                     
different Lode angles θ. Adapted from [33]. 
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Figure 1-11. Cubic triaxial results of Toyoura sand. Dilatancy curves for                              
different Lode angles θ. Adapted from [33]. 
 
The original experimental data (Nakai et al. [14]) is reported by Pedroso [33] in terms of 
strength and dilatancy curves for five values of Lode angle, from compression in red lines 
to extension in colour cyan. As it is expected, the overall strength decreases from 
compression to extension (Figure 1-10), with values in between for other Lode angles. In 
general, the volumetric behaviour is dilative, which means that the sand increases its 
volume during shear. The compression and extension tests show the extreme cases 
again; however, it is evident the similar response of Lode angles (θ=-15°, 0°, 15°) and the 
extension test, featuring a slight contractancy at low strains  (<1.5%). It is also significant 
to observe the limited strain ranges of the real tests; deviatoric strains  no major than 5% 
were achieved.    
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CHAPTER 2 
Discontinuous Modelling: The Discrete Element Method (DEM) 
 
2.1 Overview 
The Discrete Element Method (DEM) was introduced by Cundall and Strack in 1979 
[4]. In that paper, the DEM is originally named Distinct Element Method, being defined as a 
micromechanical modelling technique based on assemblies of discs and spheres. It was 
initially applied to rock mechanics; however, nowadays is a numerical method with 
increasing use in different problems involving particulate media.  
In the DEM, which is also referred to as a molecular dynamics (MD) method, the positions 
of the particles are advanced in an entirely explicit manner using sufficiently small time 
steps. The interaction between grains is accounted for by relating the overlap that may 
occur between particles to forces via an appropriate constitutive relation [3]. As a result, 
the DEM can adequately model and reproduce the fundamental contact dynamics of 
particle interactions.  
The results of DEM simulations indicate that even with very simple particle geometries and 
contact force patterns, the ensemble’s overall response of a large assembly can capture 
fairly well the critical response characteristics of physical granular materials [1]. Various 
studies agree that DEM simulations contrast reasonably good with soil mechanics’ 
laboratory tests results (direct shear, triaxial compression, true triaxial); thus, it can also be 
seen as a predictive tool to obtain qualitative and quantitative information on microscopic 
features of particulate systems [34].  
Research in discrete element modelling has boosted the understanding of particulate 
systems. The original model may now include non-spherical and general shape particles: 
sphero-simplices [35], clusters of spheres [36], ellipsoids [37], spheropolygons and 
sphero-polyhedra [13, 38, 39, 40, 41, 42, 43]. At the same time, improved inter-particle 
contact laws, better calculation methods as well as other inter-granular forces have been 
incorporated to achieve realistic predictions. One recent interesting approach in modelling 
the interaction fluid-particle is the coupling DEM-LBM (LBM stands for Lattice Boltzmann 
Method), which considers spheres or elements of more complex shapes and shows 
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promising qualitative results for different fluid regimes [36, 37, 43]. As an example, Figure 
2-1 shows a true triaxial cubic sample composed of 10,648 sphero-polyhedra elements. 
 
Figure 2-1. Cubic packing with 10,648 quasi-general (sphero-polyhedra) particles 
generated utilising the Voronoi-Erosion technique, from [13]. 
 
Due to the evolution of contact forces and more comprehensive contact laws, in addition to 
improving predictive capabilities such as by taking larger numbers of particles analysed or 
adopting coupled methods such as the DEM-LBM, new discrete element analyses are still 
computationally expensive, and their development goes hand in hand with the allowable 
computational power. To overcome these limitations, the present research includes a 
study on preparing input data sets for parallel simulations that will be run on two main 
supercomputers:  
• Macondo cluster: sponsored by the Geotechnical Engineering Centre and the Geo-
environmental group at UQ. 
• Flashlite: research oriented multi-node cluster funded by the Australian Research 
Council in conjunction with other stakeholders (CSIRO, UQ, QUT, QCIF, others). More 
details on: https://rcc.uq.edu.au/flashlite. 
This chapter is devoted to the fundamental concepts about the Discrete Element Method 
(DEM). Background information is based on a simple bi-dimensional framework. Some 
referential clues about the present research simulations are given. 
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2.2 DEM Background 
The deformation process of granular materials is a complex micro-scale problem. 
Changes in the external stress or strain field generate the interaction of soil grains in 
contact. Grain interactions involve the generation of interparticle forces at the contact 
points and distinctive force chains passing through a group of elements. Eventually, the 
granular mechanism of stress distribution includes the geometrical rearrangement of the 
discrete structure by translation, rotation or more convoluted reactions of certain particles. 
As a result, the discrete arrangement is in permanent evolution to reach its internal 
equilibrium.  
The Discrete Element Method (DEM) models particulate systems concerning Granular 
Dynamics (GD). GD is a numerical technique that captures the dynamic nature of grain 
interactions through an explicit finite difference framework. Cyclic calculations at a 
determined time step (∆t) are executed during any DEM analysis. About Granular 
Dynamics (GD), Thornton [7] makes two distinctions from ordinary Molecular Dynamics: 
particles only interact when in contact and the contact interaction rules are more intricate.   
DEM simulations involve geometrical calculations to track the microscopical movement of 
particulate matter and finally estimate the inter-particle forces. O´ Sullivan [1] reviewed this 
process in two stages:  
1) Contact detection, which comprises the identification of interacting particles and those 
about to be in touch; 
2) Contact resolution, which involves the precise estimation of contact geometry (overlap, 
separation, rotation angle) to compute the contact forces according to the Contact 
Mechanism (CM). 
Contact Mechanism (CM) is the theoretical framework that defines the constitutive models 
employed to calculate the contact forces. Linear elastic and Hertz-Mindlin are common 
contact models used in DEM simulation of cohesionless soils.   
Figure 2-2 illustrates a general calculation sequence of DEM simulations, showing the 
main numerical steps at each time increment:  
• Firstly, contacting particles are identified according to the initial conditions (structural 
arrangement  and boundary conditions) and contact forces are calculated;  
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• For each particle, the resultant force and moment are determined;  
• Based on Newton´s second law of motion, the translational and rotational 
accelerations can be computed for a determined inertia. The relative velocity of 
contacting particles is then calculated;  
• Finally, the incremental displacements and rotations during the time step are obtained 
(integration of velocity through time) and they are used to update the particle positions 
and orientations;  
• The next time step features a new assembly geometry which is used to recalculate the 
contact points and forces. These steps are repeated systematically for each time 
increment.  
 
 
Figure 2-2. Schematic flow diagram of calculations in a DEM simulation.                 
Adapted from [1]. 
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In summary, a DEM analysis comprises two main concepts: 
1) Granular Dynamics (GD), represents the simulation framework that allows tracking the 
motion of discrete elements based on Newton’s second law;  
2) Contact Mechanism (CM), defines the numerical models of contact forces, and their 
calculation depends on the detection and resolution contact stages.   
Ng [44] explains that the DEM results are obtained by a time-marching scheme that 
involves many small time steps (increments). A perturbation occurs when external load, 
boundary displacement or internal strain field is applied. This disturbance generates 
unbalanced forces in the system. Particles move to equilibrium positions according to the 
Newton’s law. By tracking the motion of individual discrete objects, the dynamic behaviour 
of a discrete system can be simulated [36].  
As a summary, the following list presents some important and interesting features of the 
DEM: 
- It is not a new technique, was established in the late 70 ́s.  
- It is based on the particle-scale mechanics of granular materials. Share algorithmic 
similarities with molecular dynamics (50 ́s).  
- Its primary constraint for research and practice is the high computational cost. Even 
with powerful computers, realistic simulations with a large number of particles of real 
shapes can be significantly time-consuming.  
- Improves the understanding of soil response and predictive skills: the complexity of 
granular response is not completely understood. Granular material (soils): complex 
systems, overall material response emerges due to the interaction of simpler base 
units.  
- When it comes to modelling soils, DEM is not widespread in geotechnical engineering 
practice as the continuum modelling. Even though, it can be considered a very useful 
supplement tool to continuum analyses and laboratory experiments. On the other 
hand, the Discrete methods are widely used for rock mechanics, for which it was 
originally developed for taking into account the discontinuous nature of rock masses.  
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2.3 DEM: Reality vs. Simulations 
As any numerical tool modelling real phenomena, physical assumptions and 
simplifications are inherent to DEM. For instance, micromechanical analysis takes 
advantage of simplified virtual elements and force contact models. Although current DEM 
complexity is increasing to incorporate more extreme processes (e.g. grain crushing), key 
simplifications are commonly made in most discrete simulations. O´ Sullivan [1] 
summarises a list of particle-based DEM assumptions stated by Kishino [45] and Potyondy 
et al. [46]:    
- Particles are rigid and possess a finite inertia. They can translate and rotate 
independently. 
- Each contact involves only two particles and occurs over an infinitesimal area. Normal 
and tangential contact forces can be transmitted.     
- The particles are allowed to overlap slightly at the contact points, and this overlap is 
analogous to the deformation that occurs between real particles.  
- The normal inter-particle force can be calculated from the overlap magnitude. 
- The time step for simulations should be small enough to prevent high particle motions. 
Each particle should only influence its neighbouring particles.  
The previous assumptions are also related to the following facts about DEM: 
- DEM model simplifies the diversity of grain features (shape, size, distribution) 
conforming real soils. Spherical or circular elements facilitate the contact detection 
stage and reduce the computational time. 
- Values of micromechanical properties are unique for all virtual samples even though 
soils are composed of grains with different resistance and deformability characteristics.  
- Contact forces are determined by linear elastic models. Only one stiffness parameter 
(normal or tangential) is necessary to relate overlaps and forces.  
- Rigid elements are not subjected to particle crushing during loading. This limitation put 
a strain when modelling the non-linear and inelastic real soil response, which is highly 
influenced by particle fracture and rearrangement [47].  
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To give a contrast between virtual and real particles, Figure 2-3 shows the idealised 
discrete particles (spheres and Voronoi sphero-polyhedra) and sand grains of different 
shapes (subrounded, subangular, angular). 
 
 
 
 
Figure 2-3. Grains of recognised sands: Ottawa (a), Monterey (b), Sacramento (c) and 
Eliot (d) [2]. e) Spheres (3D) of different radii. f) 2D array of Voronoi sphero-polyhedra, 
from [40]. 
 
2.4 Interparticle Forces 
In the DEM, contact laws and related forces are usually based on the elastic distortion 
and the sliding and rolling of particles, generally assumed of spherical or disk shape. As 
pointed out by Feng et al. [36], the dynamic response of discrete elements depends on the 
interaction forces between them, which can be short-ranged, such as mechanical contact, 
or medium ranged, such as attraction forces in liquid bridges.  
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DEM simulations are based on the estimation of the forces at the particle interactions and 
the calculation of the corresponding particle movements. All the available discrete element 
method (DEM) codes rely on a simple cyclic calculation process to perform the 
simulations. The calculation of contact forces depends on a geometrical verification of the 
discrete structure after each loading step. Suarez [48] summarises the DEM calculation 
process in four stages:  
1) normal and tangential particle indentations (overlaps) are calculated geometrically 
based on particle positions and radial velocities;  
2) normal and tangential inter-particle forces are found using particle indentations and the 
implementation of a contact mechanism;  
3) the total force and moment acting on each particle are used to calculate new particle 
accelerations;  
4) new particle velocities and positions are found based on the particle accelerations and 
the magnitude of time step selected. 
Figure 2-4 presents the inter-particle forces considered in the DEM model used for 
simulations in this study. Normal () and tangential () forces, as well as a Moment () 
against rolling, are generated at the contact point between two spherical elements. 
 
 
Figure 2-4. Interaction of two spherical elements and inter-particle forces, from [34]. 
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Discrete models include damping criteria into their force-displacement law. The damping 
criterion, represented by normal and tangential dissipation forces (not shown in Figure 2-
4), intends to capture the energy dissipation occurring in real granular kinematic systems.    
   
2.4.1  Normal and Tangential contact forces 
The linear elastic contact mechanism (CM) is perhaps the most straightforward and 
least computationally demanding contact mechanism used in DEM. For this CM, normal 
particle interactions are modelled using a linear-elastic spring: one stiffness coefficient 
relating force and displacement (Figure 2-5). 
 
Figure 2-5. Contact Models of Normal and Tangential force, from [34]. 
 
For each contact point, the normal () and tangential () contact stiffnesses are 
calculated based on the stiffness of the two interacting particles (M, N) and the average 
ratio  . However this notation, in the following the inter-particle contact stiffnesses will be 
referred as  and .   
 =  O PQR.PQTPQRUPQTV                                                                                                         (2.1) 
 =  O PWR.PWTPWRUPWTV                                                                                                          (2.2) 
   
The frictional model incorporates the Mohr-Coulomb failure mechanism, controlling the 
maximum attainable tangential force at the contacts and the related macro-scale strength 
of the material. The maximum tangential force depends on the value of local friction 
coefficient . Even though the normal and tangential contact forces contribute to support 
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the deviatoric stress, Oda et al. [49] highlight that cohesionless granular materials support 
overall shear stresses through frictional contacts. As a result, the overall shear resistance 
of a granular material decreases with decreasing inter-particle friction. 
Suarez [48] presents a set of contact stiffness values for DEM geotechnical applications 
(Table 2-1).  
 
Table 2-1. Values of stiffness for the linear elastic CM used in DEM geotechnical 
applications, from [48]. 
Stiffness 
(N/m) Application Reference 
1.2E5 Creep in clays  Kuhn and Mitchell (1993)  
5.0E7 Biaxial compression of cemented 
sand  Wang and Leung (2008)  
1.0E9 Biaxial compression of sands Huang et al. (2008) 
1.0E5 Undrained cyclic triaxial Dinesh et al. (2004) 
1.5E9 - 2.5E9 Undrained cyclic biaxial test in 
sand Sitharam (2003) 
1.5E9 Deep penetration in granular 
materials Jiang et al. (2006) 
1.0E8 Particle crushing during direct 
shear 
Lobo-Guerrero and Vallejo 
(2005) 
5.0E7 Contact creep in sands Wang et al. (2008) 
1.0E6 Creep in granular materials Kwok (2008) 
 
2.4.2  Damping forces 
Damping or dissipation forces accounts for the reduction of energy observed in 
physical granular systems under kinematic conditions. In real inter-particle contacts, the 
energy dissipation is a consequence of the damage to surface asperities and plastic 
yielding from the initial formation of the contact [1]. From a numerical point of view, 
dissipation or viscous forces are important for the proper stability of the simulation [42], 
even in quasi-static conditions; otherwise the grains will bounce constantly repelling each 
other in a non-realistic way. 
In this study, a mass damping criteria is considered. A system of global damping is 
proposed, which “can be envisioned as the effect of dashpots connecting each particle to 
the ground” and where each particle “feels” an amount of this damping proportional to its 
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mass [1, 4]. The total damping or dissipative force (XXXY) is composed by a normal and a 
tangential component, according to equation 2.3.      
 XXXY = 'Z$[XXXXY + 'Z$[XXXY                                                                                           (2.3) 
 ' and ' are the normal and tangential viscous coefficients, respectively; [XXXXY and [XXXY 
are the normal and tangential component of the relative velocity at the point of 
contact, and Z$ is the effective mass of the particles pair [42].  
Particularly, damping coefficients have unique values in this research and are not used for 
calibration purposes. Viscous effect is only considered in the normal direction, with no 
energy dissipation achieve by tangential forces, as proposed by Galindo-Torres et al. [42]. 
Finally, the values of normal and tangential viscous coefficients for all DEM numerical 
simulations executed in this study are: 
• ' = 0.20 () 
• ' = 0.00 () 
 
2.4.3  Rolling resistance 
In the past, it has been commonly assumed that frictional sliding is the major 
component of the microscopic deformation mechanism, with particle rolling being 
negligible [49]. However, it is recently recognised the importance of the resistance against 
rolling in the strength and the volumetric behaviour of DEM granular media. From a study 
of particle rolling on oval cross-sectional rods, the same authors conclude that particle 
rolling appears to be a major microscopic deformation mechanism, especially when inter-
particle friction is large. Kuhn et al. [50] state that particle rotations are known to have a 
fundamental influence on the behaviour of granular materials. Also, Belheine et al. [34] 
highlight the importance of rolling in the deformation process, arguing that rolling 
resistance can play a significant role on the contact behaviour of the granular material.  
So, apart from the most common micromechanical properties, rolling resistance models 
are currently used in DEM simulations. According to Alonso-Marroquín [51], the behaviour 
of spherical packings is qualitatively different from realistic soil samples because a sphere 
can rotate much more smoothly inside a packing rather than an arbitrarily shaped grain. 
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From this fact, the use of rolling resistance with spherical particles may be justified since 
real grains are not spherical and may exhibit a rough surface texture. 
The previous information gives the idea of the main scope for the use of rolling resistance 
in DEM simulations based on disks or spheres. The rolling resistance intends to replicate 
the increment of strength due to the real shape of particles in comparison to idealised 
elements not found in nature. So, the constitutive model of rolling resistance represents a 
virtual transformation, concerning rolling opposition, from basic elements to real grains. In 
few words, simulation of disks or spheres elements with rolling resistance models would 
enhance the replication of the physics under the interaction between real grains. Voronoi 
elements do not require rolling resistance parameters due to its irregular shapes. Figure 2-
6 illustrates the kinds of grains presented in Toyoura sand that will be simulated using 
spheres plus rolling restriction.  
 
 
Figure 2-6. Examples of 3D grain shapes of Toyoura sand obtained                                                
with micro X-ray CT [23].  
 
The rolling resistance constitutive model utilised in the present research was proposed by 
Belheine et al. [34]. They define the rolling resistance as a torque that may be transferred 
between the discrete elements via the contacts, and this couple resists particle rotations. 
The use of this additional component at each contact point is referred as “Moment 
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Transfer Law” (MTL). In this model, the following dimensionless coefficients are 
considered:  
• Rolling stiffness coefficient (β): a dimensionless coefficient used to calculate the 
rolling stiffness   
 = 	. .                                                                                                              (2.4) 
 
The rolling stiffness relates the angular rolling vector to the elastic moment:   
 $%# =  . "#                                                                                                       (2.5) 
             is the average radius of the two interacting spheres. 
 
• Plastic moment coefficient (η): a dimensionless coefficient used to calculate the 
plastic moment &%#  
&%# = 
.  . ‖‖                                                                                                  (2.6) 
 
The contact model of rolling resistance is given in Figure 2-7. In the elastic regime, the 
angular rolling vector "# is recalculated with Equation (2.5). If the plastic regime is 
reached, the plastic moment &%#  is used in Equation (2.6) to recompute the angular 
rolling vector. 
 
 
Figure 2-7. Contact Model of Rolling resistance, from [34]. 
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2.5 Micromechanical properties  
As pointed out by O ́Sullivan [1], the input parameters for DEM simulations can be 
classified as being geometrical (particle morphology and particle size distribution) or 
mechanical (contact force stiffness, friction and restitution coefficient). There are various 
parametric studies in the literature that have documented the sensitivity of DEM 
simulations to particle shape, the contact model parameters and the inter-particle friction 
coefficient adopted [44].  
Jiang et al. [52] acknowledge the fact that the DEM has been used widely to study a 
variety of aspects of soil mechanics with a variety of contact laws. Some of those laws 
include:  
a) The linear-elastic law with a tangential failure controlled by the Mohr-Coulomb;  
b) Non-linear elastic laws applied to 3D problems with spheres;  
c) Contact laws for spheres with adhesion or repulsive forces for clays; 
d) Contact laws considering an additional rolling resistance. 
Even though any contact model will define its micromechanical properties, as a rule of 
thumb, current DEM models usually consider the following micro-parameters:  
- Normal and Tangential contact stiffness “” and “”; 
- Local or microscopic friction “” (coefficient or angle); 
- Rolling stiffness “	” and Plastic moment “
”  dimensionless coefficients;  
- Others typical material parameters used in DEM are the normal and tangential 
damping coefficients “_” and “_” [53].  
Current DEM analysis relies on unique values for each micromechanical property. In other 
words, any of such properties (contact stiffness, local friction or rolling parameters) are 
defined by only one value.  
Most sophisticated DEM analyses may include other properties to represent more complex 
behaviours, e.g. viscous long-term deformation “creep” [52, 54]. It is noted that the normal 
and tangential stiffness govern the elastic response whereas the local friction strongly 
influences the deformation process.  
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Table 2-2 presents some values of micromechanical properties considered in some DEM 
simulations of biaxial (2D elements: discs) and triaxial test (3D elements: spheres or 
sphero-polyhedra). 
 
Table 2-2. Examples of DEM parameters used in different studies. 
Study 
Micromechanical Properties 
Type of 
elements 
Normal 
Contact 
Stiffness 
Kn 
Particle 
Stiffness 
Ratio 
α=Kt/ Kn 
Inter-
particle 
friction 
Coefficient 
µ 
Normal  
and 
Tangential 
viscous 
coefficient 
Gn, Gt 
Rolling 
Stiffness 
Coefficient 
β 
Plastic 
Moment 
Coefficient 
η 
Belheine et 
al. [34] Spheres 
9.6x108 
Pa 0.04 0.577 - 0.12 1.00 
Krabbenhoft 
et al. [3] Discs 
10, 25, 
50 
MN/m, ∞ 
0.01, 
0.025, 
0.05, 
0.25, 1, 
10, ∞ 
0.70 - - - 
Galindo-
Torres et al. 
[13] 
Spheres 100 kN/m 0.50 0.40 Gn=0.80 s-1 
 
Gt=0.00 s-1 
- - 
0.12 1.00 
Sphero-
polyhedra 
100 
kN/m 0.50 0.40 - - 
 
A common process in the DEM is the calibration of the micro-properties used in the 
granular models. This process involves the verification of the numerical results according 
to laboratory tests results to reproduce reliable macroscopic characteristics of real 
samples of soils. The macro-mechanical response of the physical assemblage (e.g. stress-
strain, deformability, strength, dilatancy, strain localization) and the respective macro-
parameters such as Poisson's ratio, Young's modulus, the dilatancy angle, the peak and 
the post-peak strength are influenced by the micromechanical properties utilised in the 
DEM simulation and are used in the calibration process of discrete models. At the same 
time, parametric studies are to be carried out to find out the influence of the system micro-
properties (tangential stiffness, normal stiffness, rolling resistance, local friction or plastic 
coefficient) in the final behaviour of the virtual granular assembly. 
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CHAPTER 3 
Numerical Simulations: The True Triaxial Test (TTT) 
 
3.1 Introduction 
The present chapter describes the DEM modelling of true triaxial tests (TTT). These 
tests are relatively expensive and are only performed by few prestigious research 
institutions. Therefore, virtual experiments are a convenient tool for obtaining many sets of 
results after a few real tests are carried out. 
 
3.2 DEM: True triaxial test  
The true triaxial simulation code (TTT code) is implemented in Mechsys, a multi-
physics computing library developed at The University of Queensland [55]. The code has 
been applied to the simulation of biaxial (2D elements: discs) and true triaxial test (3D 
elements: spheres). Galindo-Torres and colleagues have published investigations applying 
the TTT code to the following topics:  
- Three-dimensional mechanical behaviour of granular matter using spherical elements 
and Voronoi particles [40];   
- Breaking processes of granular materials comprising particles of general shapes with 
bonding [42];   
- Macroscopic shear strength characteristics of granular assemblies with isotropic and 
anisotropic three-dimensional complex-shaped particles [13].  
In this research, The TTT code simulates a parallelepiped or cubic ensemble of particles 
confined to a system of six rigid plates to transmit strains or stresses. The loading plates 
are also DEM particles; thus no change to the code is needed to implement the contact 
between the loading plates and the granular specimen material. The interaction between 
particles and loading plates, at the boundaries of the virtual sample, can also be easily 
modelled; usually, the friction coefficient for the walls is set to zero hence simulating fully-
lubricated walls. 
The execution of a virtual true triaxial test involves two different test phases:  
CHAPTER 3. The True Triaxial Test 
 
35 
 
• Isotropic compression: first TTT stage where the same compressional stress is applied 
to the three principal axes. The isotropic compression stress (*) is set as the same 
value of the experimental data and the time span for compression (6*)  is set to 
minimize the influence of inertial forces (quasi-static state). The resulting three-
dimensional strains (three principal axes) are registered. Strains are calculated as a 
function of the displacement of the loading plates during each loading step. 
• Shear stage: this phase is the central part of the true triaxial test and starts with a 
stress level equal to the maximum isotropic pressure. The 3-axes strains are set to 
zero before loading. In this study, the shear stage is a strain-controlled procedure. A 
predefined strain rate is applied to one of the principal directions by the respective 
loading plates. This strain rate is computed by trial and error in such a way to be the 
largest one possible that will not lead to dynamic loading; thus resulting in a quasi-
static loading (see next section). The mechanical response is observed by tracking 
stresses and strains.     
 
3.2.1  Strain and Stress 
Strain and stress are mechanical concepts that referred to the normalised deformation 
and load applied per area, respectively. The nature of strains and stresses depends on the 
load direction: compressional, extensional, shear, and so on.  
In practical geotechnical engineering, the vast majority of standard laboratory tests are 
performed applying a steady strain rate (strain-controlled test); stress-controlled tests are 
just used for specific purposes. As for most real experiments, in this research the loading 
process of the virtual sample is executed by the application of a controlled strain rate 
driven by six rigid walls as is explained here:   
- The initial virtual package is unloaded by external boundaries. At this starting point, the 
only existing forces between interacting elements (sphere-sphere and sphere-wall) are 
due to the particle weight. The assembly of spheres is in imminent static equilibrium. 
- The virtual sample is isotropically stressed by six rigid plates (walls or boundaries) 
moving in three mutually orthogonal directions (x, y, and z); opposite plates work 
together, contracting or stretching the package according to the stress paths applied. 
This isotropic stage lasts a determined number of calculation steps “6*”, the orthogonal 
strains are tracked at each step.  
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- The following loading process is a strain-controlled procedure. A predefined strain rate 
is applied in one direction to replicate a particular type of test. The other two 
orthogonal strains as well as the stresses (x, y, and z), are computed then after. 
Initially, the strains are set to zero meanwhile the isotropic stress “*” represents the 
initial stress state. 
- The term “strain” refers to the ratio of the wall movement over the sample dimension in 
one direction. Low strain rates (strain per time) are set up to guarantee a quasi-static 
deformation phenomenon. Inertial forces are not allowed to reproduce during each 
loading step.  
- The term “stress” refers to the total load applied by elements (discs, spheres, 
polygons, etc) at each pair of plates, as a result of the deformation mechanism. The 
stress magnitude is proportional to the area of application (wall area) at each loading 
step. No friction between particles and walls is allowed (fully lubricated boundaries). 
The qualitative assessment of the quasi-static state of DEM simulations is usually 
evaluated by the calculation of the inertial number +, which relates the inertial and contact 
forces. Low inertial number values guarantee that the static equilibrium of the system is 
reached during TTT simulations. According to [1, 13], the inertial number is calculated by: 
+ = ,-`<. 2a                            (3.1) 
where: ,-  is the shear strain rate, ` is the average particles diameter (D50 in previous 
sections), . is the density and 2 is the pressure.  
Apart from the other parameters, the shear strain rate ,-  needs to be calculated; it is 
obtained dividing the maximum shear strain by the calculation time (see Appendix A). The 
values of previous parameters in reduced units are: ,-  = 1.00E-3 ), ` = 0.43 , . = 3  ∗  ∗ ) and 2 = 5 . Thus, the inertial number + of DEM simulations is 3.33E-4, which 
is enough small (+	 ≪ 1) to confirm that quasi-static conditions are met during numerical 
simulations.  
 
3.2.2  TTT set up 
A TTT simulation starts with setting up the calculation parameters used by the code. 
The input file contains, among others, the following parameters:  
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- Particle type (assembly) and dimensional information: Spheres or Voronoi elements 
can be used. A pre-built virtual assembly can be loaded. Sample dimensions can be 
defined. 
- Micromechanical constants: a set of micromechanical values to compute inter-particle 
forces.  
- Stress and strain input data: a list of parameters that define the loading and 
deformation process during the TTT simulation. 
All the information about the packing process and micromechanical parameters used in 
this research is given after in this thesis. Besides, Appendix A presents a brief guidance of 
the True Triaxial code implemented in Mechsys and the main stress and strain simulation 
inputs in order to make clear the understanding about the TTT simulation.  
 
3.3 Virtual sample generation 
Oda et al. [56] state that to understand the mechanical behaviour of granular materials 
from a microscopic point of view, we should start by specifying the spatial distribution and 
orientation of grains and their contact conditions. So, the way a granular assembly is built 
will determine its structure and therefore its final mechanical response under loading 
conditions. 
Circular and spherical particles are easy to implement in a DEM code and simulations are 
faster than the case where more realistic non-circular/non-spherical particles are used. 
There is, therefore, a trade-off between simulation cost (run time) and physical realism [1]. 
For that reason, the efficiency of the allocation algorithm will importantly depend on the 
kind and number of discrete particles. 
In this study, both spheres and sphero-polyhedra will be employed to create virtual 
samples composed of thousands of elements. Only the construction of assemblies made 
of spheres will be discussed in this chapter. At the same time, it is intended to reproduce 
assemblies with realistic physical properties such as density and void ratio. 
 
3.3.1  Packing process 
The packing process refers to the methodology used to allocate particles in a 
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predetermined volume. In theory, particle distribution algorithms should replicate the 
deposition process of granular soils in order to capture its nature.  
In the present study, the packing process is based on an allocation algorithm for spheres 
encoded by To et al. [55, 57]. The algorithm allows building two types of particle 
arrangements: discrete arrangement (DA) and layer-wise arrangement. The DA approach 
was selected for this study because it leads to building a rather homogenous structure of 
the particles. This process involves the allocation of fine particles between coarser ones 
based on a sequential packing method. The sequential packing method is an efficient 
semi-analytical tool which resolves trilateration equations to allocate spherical elements in 
a virtual container [55, 57].  
Figure 3-1 shows the initial stage of the packing process where three primary spheres are 
located in the centre of the container. A new smaller particle is added with its centre over 
the triangular face plane and verifying the trilateration equations. Overlaps are checked 
and eventually fixed. The process is repeated to create a new sphere. 
The input soil parameters, such as GSD, density, porosity and sample shape are required 
for the packing process.  
 
 
Figure 3-1. Central placement of a new particle during the sequential packing method, 
from [55].  
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3.3.2  Grain size distribution 
The grain size distribution (GSD) is a key input data of the packing process because it 
determines the range of particle sizes to allocate. The soil elements are generated by 
dividing the GSD into homogeneous intervals, a maximum of 100 is permitted. In this 
study, GSD is divided into 20 intervals (each 5% of passing percentage). The variety of 
grain sizes depends on the granulometric curve (narrow or wide) and the number of 
intervals.  
The GSD Model is the grain size distribution (GSD) used during the packaging process of 
the virtual sample. It is based on the particle size distributions of Toyoura sand found in 
the literature. The GSD Model must be specified in the input document (mysoil.gsd) of the 
allocation algorithm. In this case, GSD Model is defined in relative local units proportional 
to the maximum size (100% passing percentage); see Table 3-1 for details. Table 3-2 
presents the GSD of Toyoura sand reported by different authors and the final GSD Model. 
The average values of the passing percentages (0% to 100%) are computed. The mean 
average diameter (D50) of 0.184 mm is used to transform values from Table 3.1 into values 
showed in Table 3-2. 
 
Table 3-1. GSD Model of the virtual experiment. 
Passing 
Percentage 
(%) 
Particle 
size 
0 0.17 
10 0.34 
50 0.43 
80 0.52 
100 1.00 
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Table 3-2. Values of GSD for Toyoura sand and GSD Model. 
Passing 
Percentage 
(%) 
Particle size (mm) 
Ishihara 
[10] 
Goto 
et al. 
[22]  
Yamashita 
et al.  [25] 
Matsushima 
[77]  
Federico 
et al. 
[24]  
Average  
values 
GSD  
Model 
0 0.092 0.093 0.085 0.100 0.077 0.089 0.073 
10 0.119 0.111 0.138 0.158 0.156 0.136 0.145 
30 0.144 0.135 0.164 0.188 0.181 0.162 0.165 
50 0.173 0.162 0.182 0.205 0.200 0.184 0.184 
70 0.209 0.198 0.208 0.220 0.231 0.213 0.210 
90 0.256 0.276 0.277 0.246 0.276 0.266 0.325 
100 0.428 0.400 0.411 0.300 0.462 0.400 0.428 
 
Figure 3-2 presents five grain size distributions (GSD) of Toyoura sand, including the GSD 
Model used in the study (red line). The proposed GSD is in good agreement with the 
average GSD. 
 
 
Figure 3-2. Grain size distribution (GSD) of Toyoura sand reported by different authors.             
GSD Model is the size distribution used in this study. 
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3.3.3  Density and Porosity 
Density and porosity have an intrinsic connection that implicitly describes the state of 
the granular medium. Dense soils possess high densities and low porosities whereas 
loose soils have the opposite relationship. In the DEM, different techniques have been 
implemented for the construction of random irregular particle assemblies, several of them 
having problems to produce a range of densities (loose and/or dense assemblies) or 
dealing with non-spherical particles [58]. According to the method presented by To et al. 
[55], when using the sequential packing method with spheres, the range of adjustable soil 
porosities reduces to 0.33 - 0.38. In the current study, the soil specimen is generated with 
a porosity of 0.35 which is the same as in the previously cited study [55]. 
 
3.3.4  Final discrete assembly 
Even though there are significant advances in computational power, the DEM is still a 
computationally expensive method. In that regard, a key question is: how many particles 
should be modelled?. To answer this, in the perspective of physical science and 
engineering, we observe that a successful model is a “balanced” simplification of reality 
that is able to capture the main features of the system of interest while allowing more 
detailed analysis. It is verified that DEM results demonstrate that discrete element models 
meet these criteria [13]. 
The virtual final arrangement is a result of a sequential packing process. It is made of 2948 
spheres of different radii that build a prismatic sample of dimensions: 5 cm x 5 cm x 10 cm 
(real specimen) or 0.214 cm x 0.214 cm x 0.428 cm (local units). These dimensions were 
obtained from the representative element volume (REV) analysis which is explained in the 
next section. This final packing is the discrete numerical assembly used during DEM 
simulations.  
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Figure 3-3. A final virtual assembly composed by 2948 spherical elements. 
 
3.4 Reduced units 
In order to keep the universality of calculations and at the same time to avoid the use 
of very large or small values, scientists usually make use of a system of reduced units [59]. 
Reduced units are selected by each simulation and represent the scale physical 
magnitudes of the problem. 
The primary reduced units refer to magnitudes such as length, mass or time. From these 
basic units, more complex reduced units (force, pressure, volume, etc.) can be derived by 
dimensional analysis.  
The typical notation is: “d” is the real value, “” is the simulation or local value and “e” 
corresponds to the conversion factor. The subindex “f” refers to the physical magnitude 
(fundamental or complex) meanwhile the subindex “(” refers to the local system. 
 d = e                                                                                                                  (3.2) 
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In this study, the conversion factors for length e% and pressure e& are obtained as follow: 
e% = d%% = 0.184ZZ0.43 = 4.279(10)k)Z  
e& = d&& = 1962D5 = 39.2(10) mZ 
For the magnitude of length, the mean diameters of real Toyoura sand (d=D50=0.184 mm, 
see Chapter 1) and GSD model (%=D50=0.43) are related. As for pressure, the mean 
pressure p=196 kPa=	d& of the real test, given in [14], is related to the simulation pressure &=5. The terms  and  are the local units for length and pressure, respectively.  
Now it is necessary to calculate the conversion factors for complex local units. For normal 
or tangential contact stiffness (, ), the respective local unit  and conversion factor eP 
would be: 
 = nopn#p = nqpr#stn#p = n2pnup =                                                                                (3.3) 
 Thus, 
 eP = e&e% = 39.2(10) vs&w ∗ 4.279(10)k)%w = 16.774 v&w%w 
 
3.5 Representative element volume 
In DEM analysis, the representative element volume (RVE) can be defined simply as 
the minimum sample dimension which is able to capture the macro-scale response 
efficiently. In such vision, higher particulate assemblies than REV behave essentially equal 
or very similar. For typical triaxial samples, the shape of REV is irrelevant: behaviour of 
rectangular RVE is independent of the direction of principal stresses during compressional 
and extensional triaxial simulations.  
Figures 3-4 and 3-5 show the compressional strength and deformation response of cubical 
and prismatic virtual samples of different dimensions. Results are given in pairs of cubic 
(straight lines) and prism (dotted lines) models, using the same colour for same 
dimensions as: “Cubic 1.5” and “Prism 1.5 3.0”; prisms feature double cubic height. The 
numerical response is initially very irregular and chaotic (smallest samples in cyan) 
meanwhile it starts to showing a more regular and continuous behaviour as assemblies 
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increase dimensionally. At the same time, the effect of shape (cubic or prism) is less 
significant for bigger samples. Qualitatively, the normalised strength  ⁄  takes longer to 
reach the ideal mechanical behaviour than the volumetric strain ; strength curves 
present higher scattering than volumetric ones for representative sizes (3.0, 5.0, 10.0, 
15.0).      
  
Figure 3-4. Normalised strength  ⁄  vs. deviatoric strain  for DEM samples of different 
sizes. 
 
Figure 3-5. Volumetric strain  vs. deviatoric strain  for DEM samples of different sizes. 
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Discrete numerical simulations are essentially expensive computational calculations; 
therefore, DEM is a time demanding procedure. The relation between computational time 
and number of elements for the studied cubical and prismatic arrays is presented in Figure 
3-6. It was explained that massive arrays generate better quality results; however, these 
refined curves also require an important increase of simulation times as a result of higher 
number of interacting elements. For instance, 27 simulations of “Prism 5.0 10.0” can be 
run per each “Cubic 15.0” simulation, and one “Cubic 10.0/Prism 10.0 20.0” simulation 
takes 8 to 12 more time than just one “Prism 5.0 10.0” analysis. So, at this stage, the 
sacrifice of a reasonable amount of numerical quality to produce more DEM data 
(parametric study) is essential for further analyses in the current research.  
 
 
Figure 3-6. Simulation time vs. Number of elements for REV analysis. 
 
Finally, being the time framework a fundamental aspect of this study and according to the 
data exposed in previous graphs, all DEM true triaxial simulations are executed with the 
virtual prismatic package “Prism 5.0 10.0” (red triangle in previous figures) which 
dimensions in local units are: base x=y=5 and height z=10. This virtual model is composed 
of about 3000 particles and requires around six hours for each simulation (Macondo UQ 
cluster). As stated before, our prismatic REV responses roughly equal for different 
principal load directions. 
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The selection of the RVE is arbitrary and depends on the research scope. For the thesis 
purposes, it was taken into account the sample shape, number of elements and 
computational time. As a reference, DEM micromechanical parameters used for REV 
analysis are: ==0.1E5, =0.20, =0.20, 	=10, 
=2. The sequential packing method 
was used to build the virtual samples of spherical elements. 
 
3.6 Initial simulations 
Initial DEM simulations of Toyoura sand performed in this research are based on 
spherical elements of different radii. However, real grains of this sand are significantly 
different to spheres, as it can be observed in previous Figure 2-6. As every numerical 
approximation of reality, our first DEM simulations consider simplified particles plus a 
restriction against rotation to represent the physics involved to real grain geometries. 
Analysis of these results evidences the influence of rolling restriction on the macro-
mechanical response. 
It is worth to say that there is no a general rule to correlate values of rolling resistance 
coefficients with descriptive grain shapes (sub-rounded, sub-angular, etc.). In this way, the 
values of such rolling coefficients are fitted to give the most optimal representation of 
experimental data regarding the strength and volumetric behaviour of Toyoura sand.  
In a next stage, this study performs DEM simulations using Voronoi sphero-polyhedra 
particles. These polygons of diverse morphology model better real grain shapes to the 
extent that the particle interlocking gives the individual restriction to the rotation. In that 
sense, no rolling coefficients are required with Voronoi particles. 
 
3.7 Calibration methodology 
In the present research, the proposed calibration methodology of true triaxial tests is 
divided into two main steps: 
a) Replication of the relative density (Dr) used for laboratory tests to guarantee the same 
soil state during numerical simulations; 
b) Parametric study with a variety of micromechanical parameters. Results of stress-
strain simulations depend on each series of input parameters. 
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3.7.1  Relative density 
The relative density (Dr) is commonly used in geotechnical engineering to describe the 
compacity state of granular soils. The relative density relates the natural soil state to its 
densest and loosest possible condition using the characteristic void ratio “e” for each state. 
The maximum void ratio emax corresponds to its lowest density (loosest state) whereas the 
minimum void ratio emin has the opposite relationship; the natural condition is expressed by 
an intermediate void ratio eo. The relative density (Dr) formulation is:  
x = $yzI)${$yzI)$y|Q = $yzI)${∆$                                                                                           (3.4) 
The values of the maximum and minimum void ratio depend on the procedure used to 
obtain the highest and lowest density. Vibration and slow pouring are usual methods to 
achieve extreme density states of cohesionless soils [26].  Standard tests for sands are 
provided by the American Society for Testing and Materials “ASTM” (ASTM D4253 and 
D4254) and the Japanese Geotechnical Society “JGS” (JGS 0161). As a useful reference, 
Table 3-3 presents the compacity description of granular soils according to its relative 
density. 
 
Table 3-3. Density description (compacity) of cohesionless soils                                                                           
based on relative density. Adapted from [26].   
Relative density  
Dr (%) 
Descriptive  
term 
0 – 15  Very loose 
15 – 35 Loose 
35 – 65 Medium 
65 – 85 Dense 
85 – 100 Very dense 
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Table 3-4. Values of characteristics void ratios for Toyoura sand.                                                     
Experimental data presented by Nakai et al. [14].  
Toyoura sand properties Value 
Maximum void ratio emax 0.95 
Minimum void ratio emin 0.58 
Void ratio difference ∆e 0.37 
Experimental void ratio eo 0.68 
Relative density Dr (%) 73 
 
Experimental data of true triaxial tests carried out on Toyoura sand show that samples 
were compacted to a relative density Dr=73%, which means a void ratio eo=0.68 (Table 3-
4). In the same investigation, samples are described as medium dense; the same soil is 
considered as dense sand according to Table 3-3.  
The relative density (Dr) has been related to different geotechnical properties, such as the 
peak angle of friction [60] or the potential of liquefaction [61]. As for DEM numerical 
simulations, previous studies highlight the great influence of microscopic friction on the 
volumetric response [34, 62]. Taking into account the facts previously commented, in the 
present investigation the replication of the experimental soil condition during DEM 
simulations involves the implementation of a new inter-particle friction coefficient in the 
true triaxial code. The new microscopic friction “” improves the Mechsys/DEM 
reproduction capabilities on controlling the densification process during the initial isotropic 
compression stage [63]. 
Figure 3-7 shows the plot between the void ratio eo at the end of the isotropic compression 
stage against the new inter-particle friction coefficient  (ranging from zero to one). The 
void ratio eo is calculated at each simulation step as a macroscopic quantity for the whole 
sample by computing the strains in the three main directions and thus determining the new 
sample volume. The results are obtained for an isotropic stress of 196 kPa, which is the 
same magnitude applied on experiments. For these simulations, the values of rolling 
resistance coefficients (	=0.12 and 
=1.00), as well as other micromechanical parameters, 
are defined from past studies [63].  
It is observed that at first stages (friction  between 0 and 0.3), the void ratio eo increases 
rapidly until a saturation behaviour is observed. The saturation of eo corresponds to a 
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plateau zone for friction  values between 0.4 and 1.00. The minimum void ratio, 
emin=0.581, is obtained for =0, which in theory represents to an “unrealistic” material with 
no inter-particle friction. The maximum void ratio, emax=0.739, is defined as the mean 
plateau value for friction coefficients between 0.50 and 1.00. As expected, the higher 
friction , the higher void ratio eo, due to high friction values introduce more constraints to 
the volumetric deformation (harder to compress) and thus the voids cannot be reduced. 
On the other hand, lower friction coefficients yield denser samples as can be observed by 
the low eo values at the end of the initial compression.  
In this study, an additional exercise considering much higher rolling resistance coefficients 
(	=10 and 
=2.00) was done. This exercise allows us to identify the density dependency 
of rolling restriction parameters on a broader range of values (	=0.12 - 10 and 
=1.00 - 
2.00), considering that these values are used on next simulations. It can be seen that, 
even though these parameters were increased substantially, the values of the maximum 
and minimum void ratio only augmented slightly with increments no higher than 0.02 units. 
The most striking point is the fact that the maximum-minimum void ratio difference 
(∆e=0.157-0.158), corresponding to the volumetric range from the densest to the loosest 
condition, remains the same for such different parameters. It is also worth to say that 
although simulations match the minimum void ratio of experiments closely, real Toyoura 
sand presents a much higher range of possible volumetric states (∆e=0.37). Finally, the 
value of inter-particle friction =0.06 is reassured as necessary to reach a relative density 
of Dr=73% (eo=0.624 and eo=0.639); this is the value used in all the following DEM 
numerical simulations.  
As a result, the values of maximum and minimum void ratio of the granular numerical 
assembly allow the calculation of the void ratio interval for each soil state (according Table 
3-3). Table 3-5 presents the void ratio ranges per soil compacity for the virtual DEM model 
and real Toyoura sand. 
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Table 3-5. Compacity - void ratio ranges for DEM model and Toyoura sand. 
Compacity 
Void ratio eo 
DEM model Toyoura sand 
Very loose 0.739 – 0.715 0.95 – 0.895 
Loose 0.715 – 0.684 0.895 – 0.821 
Medium 0.684 – 0.636 0.821 – 0.710 
Dense 0.636 – 0.605 0.710 – 0.636 
Very dense 0.605 – 0.581 0.636 – 0.58 
 
 
Figure 3-7. Void ratio eo against new inter-particle friction  for two pairs of Rolling 
resistance coefficients. The maximum-minimum void ratio difference (∆e) keeps constant.  
 
Figure 3-8 complements the relation between the void ratio eo and the inter-particle friction  given in Figure 3.7 including the compacity state as background bands: very dense with 
the darkest colour to very loose as the lightest one. Such visual distribution is very useful 
when determining rough friction values for a particular soil state and is based on the data 
given by Table 3-5 for DEM model. To replicate the same laboratory relative density of 
Dr=73%, which corresponds to a virtual sample with void ratio eo=0.624, an inter-particle 
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friction of =0.06 must be used in all DEM numerical simulations. Although there is no real 
soil with constant microscopic friction values for every particle, this is a possibility of the 
numerical simulation and renders a convenient method to obtain the dense state required 
here. It is worth to mention that typical friction values for sands range between 0.3 and 0.6; 
the use of such values would only produce loose samples [62].  
 
.  
Figure 3-8. Relation between void ratio eo and new inter-particle friction .                                                                                                                             
Rolling resistance coefficients are 	=0.12 and 
=1.00. Initially, the void                                          
ratio increases rapidly until a plateau is reached at high friction values. 
 
3.7.2  Parametric study 
In order to obtain reliable outcomes when modelling discrete systems, the 
micromechanical properties must be properly fitted according to real soil tests results. This 
calibration process requires extensive data to analyse the sensibility of the 
micromechanical parameters. This database is generated during the parametric study, 
which involves the execution of a large number of DEM simulations. Initial simulations will 
consider values of micro-parameters from previous studies and then more values are 
proposed regarding the preliminary results.  
Table 3-6 presents the micro-parameters used during a preliminary set of DEM 
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simulations. For each set of parameters, numerical results were analysed and compared 
against experimental data (especially for the compression strength and volumetric curves). 
This preliminary analysis reveals the most satisfactory micro-parameters meanwhile other 
ones were discarded. Best matching micro-parameters are then used in a most 
comprehensive parametric study (see Table 3.7). 
 
Table 3-6. Parametric study: micromechanical parameters. 
Micromechanical   
properties Parametric study 
Normal stiffness  1.0E3, 2.0E3, 3.0E3, 4.0E3, 5.0E3 (16.774 N/m) 
Tangential stiffness   1.0E3, 2.0E3, 3.0E3, 4.0E3, 5.0E3 (16.774 N/m) 
Initial inter-particle friction   0.06 
Inter-particle friction  0.30, 0.40, 0.50, 0.60 
Rolling resistance stiffness 
coefficient 	  0.12, 0.50, 1.00, 2.00, 3.00, 4.00 
Plastic moment coefficient 
 1.00, 2.00, 3.00 
 
Figure 3.9 shows preliminary strength and dilatancy results for different values of contact 
stiffness (1.0E3, 2.0E3, and 3.0E3,) and inter-particular friction (0.40, 0.50, and 0.60). The 
normal and tangential contact stiffness (, ) have the same value; it is observed that 
the higher their value, the higher the initial stiffness and the dilatancy. The inter-particle 
friction  increases the strength and the dilatancy. From these preliminary results, it was 
decided to use a contact stiffness of = =1.0E3 and a local friction of =0.50.  
A more comprehensive parametric study was executed considering the previous contact 
stiffness (= =1.0E3) and interparticular friction values (=0.06, =0.50), with 
emphasis on a variety of rolling resistance parameters (	, 
). Table 3-7 summarises all the 
DEM simulations executed with these new set of micro-parameters.  
In total, the research data comprises 79 compression tests (Lode angle θ=30°), 65 
extension tests (Lode angle θ=-30°) and 43 tests with Lode angle θ=0°. A total of 43 cases 
present compression, extension and Lode angle θ=0° TTT tests. 
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Figure 3-9. Strength and dilatancy results of compression tests for different values of 
micromechanical parameters. Numerical results is presented in colour lines (blue, red and 
magenta). Experimental data in black lines; strength (straight) and dilatancy (dotted). 
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Table 3-7.  Parametric study: DEM simulations.  
CALIBRATION 
Micromechanical Properties 
Compression Extension Lode 0 Kn= Kt 
(kN/m) µi µ β η 
1 
16.774 0.06 0.50 0.12 
0.10    
2 0.20    
3 0.25    
4 0.30    
5 0.35 *   
6 0.40    
7 0.45    
8 0.50    
9 1.00    
10 2.00    
11 2.50    
12 3.00    
13 
16.774 0.06 0.50 0.30 
0.10    
14 0.50    
15 1.00    
16 2.00    
17 2.50    
18 
16.774 0.06 0.50 0.50 
0.10    
19 0.20    
20 0.25    
21 0.30    
22 0.35    
23 0.40    
24 0.45    
25 0.50    
26 1.00    
27 2.00    
28 2.50    
29 3.00    
30 
16.774 0.06 0.50 0.80 
0.10    
31 0.35    
32 0.40    
33 0.45    
34 0.50    
35 1.00    
36 2.00    
37 2.50    
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38 
16.774 0.06 0.50 1.00 
0.10    
39 0.20    
40 0.25    
41 0.30    
42 0.35    
43 0.40    
44 0.50    
45 1.00    
46 2.00    
47 2.50    
48 3.00    
49 
16.774 0.06 0.50 1.50 
0.10    
50 0.50    
51 1.00    
52 2.00    
53 2.50    
54 
16.774 0.06 0.50 2.00 
0.10    
55 0.50    
56 1.00    
57 2.00    
58 2.50    
59 3.00    
60 
16.774 0.06 0.50 2.50 
0.10    
61 0.50    
62 1.00    
63 2.00    
64 2.50    
65 
16.774 0.06 0.50 3.00 
0.10    
66 0.50    
67 1.00    
68 2.00    
69 2.50    
70 3.00    
71 
16.774 0.06 0.50 3.50 
0.10    
72 0.50    
73 1.00    
74 2.00    
75 2.50    
76 
16.774 0.06 0.50 4.00 
0.10    
77 0.50    
78 1.00    
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79 
16.774 0.06 0.50 4.00 
2.00    
80 2.50    
81 3.00    
82 
16.774 0.06 0.50 4.50 
0.10    
83 0.50    
84 1.00    
85 2.00    
86 2.50    
*: blank cells means no simulation was executed 
 
As it can be seen in Table 3-7, more emphasis was given to simulations with rolling 
resistance parameters: 	=0.12 - 1.00 and 
=0.10 - 2.50; between 50% - 70% of total 
number of simulations. The no-executed simulations (blank cells in Table 3-7) refers 
basically to micro-parameters sets with numerical results in the insensitive zone (more 
detail in next section), where very similar behaviours are observed for different micro-
parameters sets. In other cases, simulations with possible redundant results were not 
executed in order to save computational time. For instance, extension and Lode angle 
θ=0° tests for 	=2.50 were not computed because simulations for 	=2.00 and 	=3.00 
were executed. 
 
3.8 Rolling Resistance analysis 
The significance of the rolling resistance coefficients (	, 
) on the maximum shear 
strength ( ⁄ ) and the volumetric change (dilatancy 3) was analysed. Three-
dimensional surfaces relating 	, 
 and  ⁄  for compressional (θ=30°), extensional (θ=-
30°) and Lode θ=0° tests are presented (Figure 3.10). In general, it is shown that the 
rolling resistance parameters have an important influence until the coefficients reach 
certain high values. The same tendency is kept in the three loading cases. The data is 
presented in the Appendix.   
The computed surfaces may be divided into three principal areas: 
1. Steep zone or Blue zone: corresponds to a narrow area (between 
=0.10 - 0.50) 
where the plastic moment coefficient 
 has a remarkable influence on the shear 
strength meanwhile the rolling stiffness coefficient 	 has a meaningless effect (roughly 
steady response for the whole range of 	=0.12 - 4.50). The steep slope evidences that 
a light increment of the parameter 
 results in a significantly higher maximum strength 
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 ⁄ . These outcomes demonstrate that the moments transferred between particles 
in rolling process inside the virtual package have reached the plastic moment that 
controls the elastic response. Thus, the plastic moment &%#  governs the shear 
strength. 
2. Top zone or Red zone: this zone presents the maximum strength values and is mainly 
controlled by the rolling stiffness coefficient 	 (values between 0.12 to 1.50). Higher 
values of the plastic moment coefficient 
 (0.50 to 3.00) only produce light strength 
increments. The peak  ⁄  values are obtained around 	=1.00 and for 
 values 
greater than 1.00. Thus, the value of 	=1.00 serves as a pivot where the strength 
increases for 	<1.00 and reduces for 	>1.00. In this section, the behaviour is 
governed by the elastic regime.  
3. Flat zone: is the biggest sector with the lowest slope of the curves. In such flat area, 
both rolling resistance coefficients (	, 
) have not a significant physical meaning; it 
might be seen as a saturation area where any combination of 	 and 
 has the same 
effect on the maximum strength. The highest values of rolling resistance parameters, 	=1.50 - 4.50 and 
=0.50 - 3.00, might produce strongly connected particles that 
restrict their rolling movement over other ones. According to the previous comments, 
the peak strength at the flat zone is not clearly governed by the elastic regime or the 
plastic moment, as it was observed for the steep (blue) and top (red) zones. It is worth 
to noting that the transition between the blue (steep) and red (top) zones to the flat 
zone is abrupt, physically important changes in the microstructure and the force chains 
that distribute the external load might happen for those values of rolling coefficients.  
Due to the steady response on the flat zone, it is desirable to select rolling resistance 
coefficients (	, 
) from this area for the calibration process. In this way, the estimation of 
numerical error would support in finding the optimal micro-mechanical parameters. 
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Figure 3-10. Influence of rolling resistance parameters on maximum shear strength 
for different TTT tests. 
                                                                                                        
 
A similar analysis was performed regarding the maximum dilatancy 3 (dilatancy at  ⁄ ) and the dilatancy 34% at a vertical strain of =5%. The dilatancy 3 is defined as 
the slope of the curve  vs.  in the plastic deformation regime and quantifies the amount 
of volumetric distortion during shear. Meanwhile, the maximum dilatancy 3 is a 
representative deformation parameter of a soil; the dilatancy 34% gives an overview about 
the volumetric changes of soil samples at a fixed strain. For that reason, following 
conclusions herein are basically devoted to the maximum dilatancy tri-dimensional curves.  
Figure 3-11 shows how the rolling coefficients influence the dilatancy 3. In general, there 
is a good agreement between the maximum dilatancy 3 and the maximum strength  ⁄ : in both cases, the peak values (top or red zones) occur at the same range of 
rolling parameters and are mainly controlled by the rolling stiffness coefficient 	, with 
values between 0.12 to 1.50. Besides, the maximum dilatancy of the extensional triaxial 
tests presents a major similarity with the maximum strength behaviour than the respective 
compressional triaxial test results. The observable discrepancy between the maximum 
dilatancy 3 and the dilatancy 34%, more chaotic for the extension triaxial tests, is due 
to the fact that the peak strength values occur at greater vertical strains than 5% (major 
CHAPTER 3. The True Triaxial Test 
 
60 
 
deviatoric strains, respectively). So, in this case, the dilatancy 34% (vertical strain of =5%) does not represent a reliable volumetric parameter to characterise soil 
deformation.  
From the experimental data, it was demonstrated that the volumetric response of Toyoura 
sand is much more complex that its strength behaviour: only dilation during compression 
triaxial test meanwhile light initial compressive behaviour followed by dilative response 
during extensional triaxial test. Accordingly, the numerical dilatancy curves are much more 
complex than the respective strength curves, showing for instance two peak zones clearly 
observable in the compression tests. About the proposed areas, steep/blue and top/red 
zones, similar response is observed between the maximum strength  ⁄  and the 
maximum dilatancy 3. Conversely, for the proposed “flat zone” a distinctive effect is 
shown: lowest dilatancy for compressional triaxial tests and roughly the same dilatancy 
value for extensional triaxial tests (equally as the maximum strength response). In this 
research, the DEM compressional mechanism of deformation (in terms of maximum 
dilatancy) is more complex than the extensional one, without an “equilibrium/flat” area with 
a constant ratio of volumetric distortion. These specific numerical results are in 
contradiction with the experimental data, representing another challenge when replicating 
both the strength and volumetric soil response. Finally, another possible source of error 
might be the calculation of the dilatancy as an infinitesimal slope of the volumetric curve 
instead of an average tendency slope. All the data is presented in the Appendix. 
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Figure 3-11. Influence of rolling resistance parameters on dilatancy for different 
TTT tests. 
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The previous analysis allows concluding that the rolling resistance coefficients (	, 
) have 
a prominent importance when replicating the macroscopic shear strength of granular 
matter. Their influence on the volumetric deformation is much more complex; however, in 
some cases, it is also similar to the strength representation.  
 
3.9 Error estimation 
The true triaxial test (TTT) calibration involves a set of DEM simulations using different 
micromechanical properties. In order to verify the ideal micromechanical parameters, two 
error estimation approaches (Error1 and Error2) are implemented to compare the 
experimental and simulation curves for strength ( ⁄  vs. ) and dilatancy ( vs. ). 
Figure 3-12 shows the scheme of error estimation, which is based on the difference 
between the obtained (numerical) results and the observed (experimental) data: ~ − ~$&. 
Both error formulations (Error1 and Error2) are normalized average values with respect to 
the real data (experimental results) for a determined number “n” of steps; results are given 
in percentage. Error1 has a polynomial representation (equation 3.5) meanwhile Error2 is 
a simple difference ratio (equation 3.6); both values are expected to have a similar 
tendency but different magnitudes. The results are presented regarding the rolling 
resistance coefficients (	, 
), in the same way of the strength and dilatancy curves. All the 
data is presented in the Appendix.  
 
Figure 3-12. Scheme of error estimation. 
CHAPTER 3. The True Triaxial Test 
 
64 
 
 
   1(%) = 1F=~ − ~$&>1 + =~$&>

 																																																																																											(3.5) 
   2(%) = 1F~ − ~$&1 + ~$& 

 																																																																																																			(3.6) 
Where: ~$& is the experimental value, ~ is the simulation value, and F is the total number 
of values. 
For compression tests, there is a similar error pattern for strength and dilatancy. Thus, it is 
possible to obtain an optimal group of micro-parameters that replicate both behaviours at 
the same time.  Maximum errors are obtained for lowest 
 values (0.10 - 0.30) and the 
whole range of 	=0.12 - 4.50. However, peak errors (red spots) for both strength and 
dilatancy are in extreme 	 values: lowest values for strength (0.12 - 1.00) and highest 
values for dilatancy (3.00 - 4.50). The best results are located in the blue area (minimum 
errors) and obtained for values of 
 higher than 2.00 (2.00 - 3.00) and 	 values (3.50 - 
4.50): 4 - 16% total error. Figure 3-13 shows the error analysis for compression tests. 
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Figure 3-13. Error surfaces for Compressional tests ( ⁄  and ). 
 
Table 3-8 presents the error values for the best matches of the triaxial compression tests, 
which correspond to the highest values of the rolling coefficients (	, 
). 
 
Table 3-8.  Analysis of Error values for compression tests. 
  Error1 (%) Error2 (%) 
q/p ev Total q/p ev Total 
3.50 
2.00 4.19 4.70 8.89 3.03 3.66 6.69 
2.50 2.92 2.66 5.58 2.11 2.20 4.31 
4.00 
2.00 3.83 7.52 11.35 2.76 5.55 8.31 
2.50 3.27 1.71 4.98 2.36 1.29 3.65 
3.00 3.86 3.65 7.51 2.78 2.98 5.76 
4.50 
2.00 5.78 10.24 16.02 4.18 7.76 11.94 
2.50 3.52 1.96 5.48 2.54 1.54 4.08 
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For extension tests, the error pattern for strength and dilatancy is slightly more 
complicated than the compression test. Thus, it is possible to calibrate partially both 
responses and possibly major errors than the compression case were encountered. It is 
interesting the agreement between the error surfaces and the  ⁄  curve. For strength   ⁄ , the maximum errors are obtained for low 	 values (0.50 - 1.50) and values of 
 
greater than 1.00 (1.00 - 3.00). In this range, the volumetric error shows a secondary peak 
while its maximum error is observed for high 	 values (3.00 - 4.50) and values of 
 lower 
than 1.00 (0.10 - 1.00). From our results, the extensional volumetric behaviour is much 
more complex and challenging to replicate than the compressional one; no volumetric 
errors less than 40% are obtained meanwhile the attempt to reduce  errors increases 
eventually  ⁄  inaccuracy. So, an opposite effect in the calibration of strength-volumetric 
best micromechanical parameters deals to high total errors for the extensional triaxial test.   
However, the best results might be encountered in a reduced blue area (minimum errors) 
delimited by low values of 	 and 
: 	=0.12 - 0.50 and 
 values (0.10 - 0.50): 49 - 81% total 
error. Figure 3-14 shows the error analysis for extension tests. 
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Figure 3-14. Error surfaces for Extensional tests ( ⁄  and ). 
 
Table 3-9 presents the error values for the best matches of the triaxial extension tests, 
which correspond to the lowest values of the rolling coefficients (	, 
). 
 
Table 3-9.  Analysis of Error values for extension tests. 
  Error1 (%) Error2 (%) 
q/p ev Total q/p ev Total 
0.12 
0.10 7.65 55.00 62.65 5.45 44.41 49.86 
0.20 3.38 66.39 69.77 2.44 53.56 56.00 
0.25 2.57 64.18 66.75 1.86 51.57 53.43 
0.30 
0.10 7.69 54.41 62.10 2.82 46.66 49.48 
0.50 7.75 72.90 80.65 5.55 58.57 64.12 
0.50 
0.10 7.50 61.29 68.79 5.36 49.63 54.99 
0.20 3.94 57.73 61.67 5.48 43.93 49.41 
0.30 2.85 67.13 69.98 2.04 53.86 55.90 
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The error analysis is ideal to determine the best micro-parameters during the calibration 
process. In this study, the calibration of strength curves for compression and extension 
triaxial tests is achieved with relatively accuracy. This is also true for the replication of the 
dilatancy compressional curve. However, the numerical simulations of the volumetric 
extensional response are contrary than the real/experimental behaviour: DEM simulations 
produce a higher dilative response with no sign of initial compressive during loading. In 
summary, the virtual package behaves stiffer when it is stretched (extension) than when 
compression occurs, deformability wise. Such stiff-alike deformational response of soil 
might be a consequence of complex particle interactions inside the package that generate 
a superior volumetric expansion. In this case, it is not possible to replicate both the 
compression and extension response at the same time: the optimal micro-parameters of 
each case are in opposite extremes. For the calibration of the compression test, the best 
micro-parameters produce errors lower than 3.30%. However, the same parameters obtain 
up to 66% error for extensional dilatancy (Number 1 in Table 3-10). For the extension test, 
the errors are much higher, and the best micro-parameters generate up to 58% error in 
dilatancy while between 4 - 6% for  ⁄  in compression. The same parameters obtain up to 
17% error for compression strength (Number 2 in Table 3-10).  
 
Table 3-10.  Analysis of Error values. 
Test 
Error1 (%) Error2 (%) 
q/p ev q/p ev 
1 
Compression 3.27 1.71 2.36 1.29 
Extension 10.37 66.96 7.38 53.76 
2 
Extension 3.94 57.73 5.48 43.93 
Compression 17.17 3.62 12.39 2.98 
 
Figure 3-15 presents the strength and dilatancy curves of the best “compressional” and 
“extensional” micro-parameters, basically distinctive rolling resistance coefficients (	 and 
). The calibration of the compression triaxial test (	=4.00 and 
=2.50) replicates fairly well 
the compression response but produces an overestimated extensional strength and 
dilatancy (Figure 3-15 a)). On the other hand, the “extensional” calibration (	=0.50 and 
=0.20) has main drawbacks in modelling the compressive strength and the extensional 
dilatancy. Neither of both approaches achieves a satisfactory DEM simulation of the 
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volumetric distortion under extension load condition. As a reference, Figure 3-16 presents 
the DEM numerical results obtained with the “compressional” micro-parameters for five 
Lode angles; simulating the volumetric behaviour is the main drawback. Therefore, an 
averaging procedure would be recommended in future works.  
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Figure 3-15. Best micro-mechanical parameters: a) Compression test (“C”, in red) and b) 
Extension test (“E”, in cyan). Fitting of experimental strength ( ⁄  vs. ) and dilatancy ( 
vs. ) curves (black and blue) for optimal micromechanical parameters. 
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Figure 3-16. Strength and dilatancy curves for different Lode angles using optimal     
compression micro-mechanical parameters. Experimental (E) and numerical (N) data. 
 
The DEM model is able to replicate accurately both the strength and dilatancy of 
compressional TTT test performed on Toyoura sand. However, the model is not capable of 
reproducing the experimental contractancy response for other Lode angles. Numerically, 
for these tests, the sample reacts as high dilative soil showing higher volumetric 
deformations than the compression test. 
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CHAPTER 4 
Voronoi sphero-polyhedra simulations  
 
4.1 Introduction 
Increased computational speeds allowed simulation of an assembly of individual soil 
particles by modelling particle contact behaviour, and this led to the development of 
numerical methods such as the discrete/distinct element method and contact dynamics [4, 
5, 54]. In the early developments, simulations were limited to an assembly of two-
dimensional circular disks. However, it is now possible to perform simulations with various 
three-dimensional particle shapes, complex contact models and pore fluid interactions [2].   
In the present chapter, the use of Voronoi polygons (also named sphero-polyhedral 
particles) for true triaxial DEM-based simulations is explained. In previous studies [13, 40, 
41, 51, 64], the Voronoi sphero-polyhedra scheme has been successfully used in DEM 
studies to replicate the mechanical response of granular media. 
 
4.2 Definitions 
In the present chapter, a pair of techniques is proposed to recreate both the grain's 
localisation and morphology of the virtual three-dimensional packing. A more complex 
particle representation than spheres is used during simulations here; such elements are 
denoted as “sphero-polyhedra” polygons and might be seen as complex-shaped particles. 
Construction of such elements starts with the subdivision of the sample volume according 
to the Voronoi tessellation, a simple graphical technique for random configurations with 
proven utility for the representation of powders and grains [40, 41, 64]. This process is 
referred as “Voronoi sphero-polyhedra” technique (VSP) and is also encoded in the 
MechSys multi-physics computing library. 
Results of numerical simulations of true triaxial tests using sphero-polyhedra are 
presented. For its successful purpose during TTT simulations, Voronoi packing requires 
special treatment to accomplish realistic granular response, mainly in terms of ductile 
response and dilatancy. 
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4.3 Voronoi tessellation 
A tessellation is a general term to describe the division of a space into a set of 
subspaces that do not overlap and that fill the space completely with no gaps between 
them. These tessellations can exist in two- and three-dimensional space [1]. 
In the context of discrete element analysis, the Voronoi tessellation or Voronoi diagram 
produces a particulate array with three main features:  
1. Random distribution: Voronoi construction generates random points distributed inside 
the sample area or volume. Points are referred as nodes and are the base for the 
following generation of polygons. The method results in a random distribution of 
prismatic convex two- or three-dimensional polygons. 
2. Morphology: Voronoi tessellation produces polygons centred around a corresponding 
node. Voronoi elements are created connecting neighbouring nodes by a line, forming 
an initial mesh. First lines are then bisected by perpendicular ones, and the final 
Voronoi polygons are obtained by connecting these perpendicular lines. As a result, 
every point within the polygon Vn is closer to the node Pn than to any other node [1]. 
3. Dense packing: The mathematical process of Voronoi diagram conceives dense 
packings with polygons in perfect contact. Perfect connection refers that no voids or 
spaces are possible to exist between two or more surrounding elements.    
When the tessellation is finished, the Voronoi elements are generated by a mathematical 
transformation named as erosion-expansion process. This dual procedure converts 
polygons to sphero-polyhedra, which are polygons with rounded edges.  
 
4.3.1  Erosion-expansion process 
The erosion-expansion process is the mathematical transformation of Voronoi 
polyhedra to sphero-polyhedra polygons. This procedure involves two main steps: 
a) Erosion: each element is reduced in size by moving its sides inward a determine 
quantity “R”. This distance R is called the radius of the sphero-polyhedra.  
             
             
       
CHAPTER 4. Voronoi sphero-polyhedra simulations 
 
76 
 
b) Expansion: also called dilation, this step involves sweeping a disc or sphere of radius 
R over the profile of the reduced element. As a result, a larger element with rounded 
corners is obtained.  
For more detailed information about this process refers to [39, 40, 41, 64]. 
 
4.4 Physical behaviour 
The main advantage of sphero-polyhedra is that it allows for an easy and efficient 
definition of contact laws between the particles. This benefit is due to the smoothing of the 
edges of all geometric features by circles or spheres [40, 41]. 
The shape of grains has a significant influence on the physical macro-response. Sphero-
polyhedra simulations herein neglect the influence of rolling resistance parameters in the 
final mechanical behaviour. Resistance against rolling is due uniquely by the shape 
constraints between interacting particles, resulting in a more realistic representation of 
rolling process during loading. 
 
4.5 Simulations 
The first step of the Voronoi DEM simulation was the analysis of optimal particle 
fraction (Fr) and the representative element volume (REV). Dense Voronoi packings 
require the random elimination of certain percentage of elements to generate inter-particle 
voids resulting in a more realistic structure. It is worth noting that, in this Chapter, a 
uniform probability distribution function was employed to generate the grain size 
distribution of Voronoi particles. 
The particle fraction (Fr) refers to the proportion of polygons that remain in the sample 
after the deleting process. Different Fr values were analysed (0.20, 0.40, 0.60, and 0.80) 
verifying that for values of lowers than 0.60 the assembly responses steadily. The optimal 
Fr is the minimum of these values (Fr=0.20) because it involves the less amount of 
polygons and as a result the lowest computation time. As a reference, computational time 
increases by a cubic function with the amount of particles, represented by the particle 
fraction (Fr). Figure 4-1 presents numerical simulations results using different particle 
fractions (Fr).  
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A brief study of the representative element volume (REV) for DEM simulations using 
Voronoi sphero-polyhedra was executed, as it was analysed in Chapter 3 for spherical 
discrete elements. Figure 4-2 presents numerical results for cubic samples of dimensions 
L=10, 20 and 40 units, and particle fractions Fr=0.20 and 0.80. Both compression and 
extension curves (strength and dilatancy) for cubes of sizes L=20 and L=40 are in reliable 
agreement along the strain range (red and green lines). The smallest cube of size L=10 (in 
cyan) presents undesirable match with the bigger samples. Thus, the REV is considered a 
cubic sample of dimension L=20.  
From preliminary results, it can be seen that there is a limitation to reproduce the strength 
and dilatancy curves at the same time for a set of micro-parameters. In that sense, 
Voronoi packings face the same problem of the modelling with spheres but without dealing 
with rolling parameters. 
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Figure 4-1. Strength and dilatancy curves from preliminary Voronoi simulations. 
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Figure 4-2. Representative element volume (REV) for Voronoi sphero-polyhedra analysis. 
 
Apart from the inherent rolling restriction between particles, the morphology of Voronoi 
sphero-polyhedra elements increases the frictional resistance of the virtual package in 
comparison with an assembly of spheres. As a result, when modelling with Voronoi 
particles, lower inter-particle friction values are necessary to reproduce the same macro-
mechanical shear resistance (using spheres). In this section, Voronoi DEM simulations 
consider two values of inter-particle friction : 0.30 and 0.40, instead of =0.50 for spheres 
used in Chapter 3, in order to replicate the experimental results. As it expected, Figure 4-1 
shows that strength and dilatancy are increased with higher inter-particle friction values.  
 
4.5.1  Micromechanical parameters 
The main advantage of the modelling with Voronoi polygons is that no rolling 
coefficients are required. Voronoi elements are complex in shape leading to a natural 
rolling opposition. The contact forces are reduced to normal and tangential interactions.   
A series of Voronoi simulations for compressional and extensional loading patterns were 
performed. Two higher values of initial inter-particle friction  (0.20 and 0.30) were also 
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considered to generate loser samples and evaluate its ability to model the contractancy 
behaviour. It was observed that better results are still obtained with the initial inter-particle 
friction =0.06 proposed in previous chapters. It is also demonstrated that both strength 
and dilatancy increase with higher inter-particle friction values. Finally, the modelling of the 
volumetric response for the extensional test is still difficult to replicate for the Voronoi 
model. Results are presented in Figure 4-3. 
 
Table 4-1. Parametric study: micromechanical parameters. 
Micromechanical Properties 
Normal 
Contact 
Stiffness 
Kn (kN/m) 
Tangential 
Contact 
Stiffness 
Kt (kN/m) 
Initial Inter-
particle friction 
Coefficient 
µi 
Inter-particle 
friction 
Coefficient 
µ 
16.774 16.774 0.06 0.30 
16.774 16.774 0.06 0.40 
16.774 16.774 0.06 0.50 
16.774 16.774 0.20 0.40 
16.774 16.774 0.30 0.40 
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Figure 4-3. Strength and dilatancy curves for Voronoi samples with initial inter-particle 
friction . 
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4.6 Error estimation 
The error estimation procedure for spheres was also used for Voronoi sphero-
polyhedra. Tables 4-2 and 4-3 summarise the error values for both strength and dilatancy 
( ⁄ , ) of VSP simulations. Figure 4-4 shows the relation between the error (Error1, 
Error2) and the inter-particle friction , only results for initial inter-particle friction =0.06 
are presented. From the error analysis it is possible to conclude: 
- Compression and extension tests show different error evolution.  
- For compression test: higher friction values reduce  ⁄  error while the opposite effect 
occurs for . In the case of calibration of both strength and dilatancy ( ⁄ , ), the 
best results are obtained for inter-particle friction =0.3-0.4 (16 - 23% Total error) 
according to the Total error representation (black lines). 
- For extension test: higher friction values increase both strength  ⁄  and dilatancy  
errors. Even though, the strength may be considered well replicated with errors around 
3 - 9%, very high error values are obtained for dilatancy . The wide range of 
dilatancy errors between 40 - 90% produce Total errors up to 99%. 
- Voronoi modelling shows the same disadvantage of the modelling with spheres: It is 
not possible to calibrate both strength and dilatancy response at the same time. Also, 
the calibration of compression and extension tests with the same group of micro-
parameters is inaccurate. 
- The volumetric behaviour is much harder to replicate. This fact is confirmed by the 
high error  values for both compression and extension tests. 
To sum up, for compression tests, the opposite behaviour of the error of strength and 
dilatancy determine the sacrifice of the accuracy of any of both variables. For extension 
tests, high errors are obtained for the dilatancy response while the strength is efficiently 
replicated. 
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Table 4-2. Analysis of error for compression tests using VSP. 
  Error1 (%) Error2 (%) 
q/p ev Total q/p ev Total 
0.06 
0.30 18.15 4.16 22.31 13.10 3.29 16.39 
0.40 8.36 14.94 23.30 6.04 11.34 17.38 
0.50 3.15 32.05 35.20 2.27 24.02 26.29 
0.20 0.40 25.25 26.09 51.34 18.21 19.10 37.31 
0.30 0.40 31.96 55.86 87.82 23.04 41.11 64.15 
 
Table 4-3. Analysis of error for extension tests using VSP. 
  Error1 (%) Error2 (%) 
q/p ev Total q/p ev Total 
0.06 
0.30 4.54 48.40 52.94 3.25 39.47 42.72 
0.40 4.32 68.27 72.59 3.11 55.01 58.12 
0.50 9.60 89.43 99.03 6.83 71.77 78.6 
0.20 0.40 10.88 18.36 29.24 7.76 15.72 23.48 
0.30 0.40 16.64 22.67 39.31 11.84 17.45 29.29 
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Figure 4-4. Error patterns for Compression and Extension tests with Voronoi analysis    
( ⁄  and ).  
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CHAPTER 5 
Conclusions 
The discrete element method (DEM) is a powerful technology to model and simulate 
granular assemblies. The true triaxial test (TTT) is an advanced experimental test in soil 
mechanics and serves as a key device to develop constitutive models to be used in 3D 
predictions of geotechnical problems. The proper calibration of DEM parameters and a 
comprehensive study of its predictability characteristics of TTT simulations are 
investigated in this research work. Several sensitivity analyses are therefore carried out to 
understand the influence of each single parameter such as the microscopic coefficient and 
rolling resistance of models using spheres. The better geometry known as Voronoi sphero-
polyhedra (VSP) is also thoroughly studied. Overall, microscopic and auxiliary (e.g. rolling 
resistance) parameters can be found to represent a particular sand named Toyoura sand 
from Japan. There are challenges however when trying to accurately describe the 
dilatancy and strength behaviour at the same time, regardless which particle shape is 
adopted; although the accuracy is better with VSP particles. In summary: 
 
- The feasibility of the DEM to model the macroscale behaviour of granular soils is 
thoroughly investigated. DEM simulations of true triaxial tests (TTT) are performed to 
calibrate experimental results on Toyoura sand. 
- A DEM-based methodology to replicate the relative density of granular soils is 
proposed. The relation between the initial inter-particle friction  and the void ratio eo 
(after isotropic compression) is found in this research. 
- The maximum and minimum void ratios emax and emin are not influenced by the rolling 
parameters at all. As a result, the proposed method allows for replicating a determined 
relative density in a virtual assembly. 
- It is desirable to evaluate and determine a represent element volume (REV) for DEM 
simulations because it reduces the computational time and consequently allows for 
generating more numerical data.  
- A series of TTT DEM simulations are performed using spherical elements. From these 
simulations, it is possible to calibrate both strength and dilatancy curves for only one 
Conclusions 
 
88 
 
Lode angle. For the extension triaxial test, it is not possible to accurately replicate the 
contractancy response as seen in experiments.  
- The VSP simulations (Voronoi elements) are also developed to predict the behaviour 
of Toyoura sand. These simulations successfully predict the observed behaviour 
without the need for (artificial) rolling resistance coefficients.  
- The VSP simulations are inherently more computational expensive because of the 
potential contact between all features of particles (e.g. edges, faces) have to be 
verified. Nonetheless, VSP adds a new degree of accuracy that would be required for 
more precise works; e.g. some aiming at converting CT scans into particles. 
- Overall, both Voronoi and spheres present same disadvantages: it is not possible to 
accurately calibrate both strength and dilatancy at the same time; a trade-off must be 
considered. Besides, the method has limitations if only one kind of stress path is 
selected to perform the parameter calibration. 
- In general, modelling of the volumetric behaviour considering all Lode angle stress 
paths appears to be the most challenging aspect of discrete element simulations. 
Therefore, future studies should focus on improving these characteristics. 
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Appendix A 
 
The True Triaxial code (TTT) has been implemented in the Mechsys multi-physics 
computing library, developed at The University of Queensland. It is an open source DEM 
software and can be downloaded from http://mechsys.nongnu.org/. Installation instructions 
are also given in the website.  
The main stress and strain simulations inputs used in the input file are explained here. 
Simulations values used in this research are also given as a reference.   
- Isotropic compression stress “*": refers to the pressure applied at the isotropic initial 
stage. In this study *=5 (local units). 
- Time span for the isotropic compression “6*”: virtual triaxial tests are modelled as 
quasi-static tests, defined by a low inertial number. The inertial number + requires the 
shear strain rate, which is dependent on the time span. So, a value of 6* =50 is 
calculated in this research to assure a quasi-static state during simulations. 
- Strain rate direction (pssrx, pssry, pssrz): correspond to the direction of the applied 
strain. A value of “1” determines the strain direction while the others must be zero. For 
instance, to apply strain in z direction: pssrx=0, pssry=0 and pssrz=1. 
- Final strain value (srx, sry, srz): small values of strain are defined in each direction (x, 
y, z) to assure low inertial numbers. A maximum value of srx=sry=srz=(+/-)0.10 is used 
during simulations. A positive value means extension in such direction while a 
negative one refers to compression.  
- Angle of the stress path “thf”: it is defined as the negative of the Lode angle θ. As a 
result, for a compression test (thf=-30°) and extension test (thf=30°). 
- Angle in the p-q plane “alpf”: this study simulates the p-constant path; so alpf=90° (see 
Chapter 1). 
- Final time for the test “67”: corresponds to the total time of the numerical test. As for 
the initial 6*, this value is considered for the simulation of a quasi-static process. The 
difference between 67 and 6* defines the length of the TTT shear stage. For 
simulations, the final time considered is 67=150; thus, the time of the shear stage is 
100 (67 - 6*). Simulation times are given in reduced units.  
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- Time step “dt”: for simulations, a value of dt=1.00E-4 was used. Suarez [48] highlights 
the influence of the time step (dt=∆t) on the numerical analysis and results: large 
values of time step help reduce the execution time but may also lead to the calculation 
of unrealistic particle indentations and erratic internal forces.  
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Appendix B 
  ⁄  
 
CALIBRATION 
Micromechanical Properties 
Compression Extension Kn= Kt 
(kN/m) µi µ β η 
1 
16.774 
0.06 0.50 
0.12 
0.10 1.16418351 0.94768565 
2 0.06 0.50 0.20 1.3486742 1.03702702 
3 0.06 0.50 0.25 1.34259228 1.06394647 
4 0.06 0.50 0.30 1.39986761 1.08672145 
5 0.06 0.50 0.35 * 1.10638615 
6 0.06 0.50 0.40 1.56362658 1.14882194 
7 0.06 0.50 0.45  1.14794394 
8 0.06 0.50 0.50 1.57474503 1.14971899 
9 0.06 0.50 1.00 1.63745875 1.1800241 
10 0.06 0.50 2.00 1.64715969 1.19689994 
11 0.06 0.50 2.50 1.64850664 1.19389385 
12 0.06 0.50 3.00 1.67996517  
13 
16.774 
0.06 0.50 
0.30 
0.10 1.16630036 0.93850375 
14 0.06 0.50 0.50 1.55740875 1.16186474 
15 0.06 0.50 1.00 1.69286641 1.21673313 
16 0.06 0.50 2.00 1.72579311 1.23049135 
17 0.06 0.50 2.50 1.70912385 1.22043894 
18 
16.774 
0.06 0.50 
0.50 
0.10 1.18782044 0.95098535 
19 0.06 0.50 0.20 1.30989585 1.01836534 
20 0.06 0.50 0.25 1.30498232 1.06790066 
21 0.06 0.50 0.30 1.38688631 1.08516592 
22 0.06 0.50 0.35  1.09250663 
23 0.06 0.50 0.40 1.54863111 1.14007415 
24 0.06 0.50 0.45  1.16001798 
25 0.06 0.50 0.50 1.5948464 1.17958744 
26 0.06 0.50 1.00 1.66492894 1.22625627 
27 0.06 0.50 2.00 1.77010656 1.2547951 
28 0.06 0.50 2.50 1.78233649 1.2768964 
29 0.06 0.50 3.00 1.78693677  
30 
16.774 
0.06 0.50 
0.80 
0.10 1.17320868 0.96066469 
31 0.06 0.50 0.35  1.11485849 
32 0.06 0.50 0.40  1.14313502 
33 0.06 0.50 0.45  1.1406025 
34 0.06 0.50 0.50 1.54406092 1.16716663 
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35 
16.774 
0.06 0.50 
0.80 
1.00 1.70788692 1.24163328 
36 0.06 0.50 2.00 1.7790206 1.2721264 
37 0.06 0.50 2.50 1.78559901 1.2587761 
38 
16.774 
0.06 0.50 
1.00 
0.10 1.22486567 0.98326856 
39 0.06 0.50 0.20 1.34320008 1.03824273 
40 0.06 0.50 0.25 1.38094253 1.07522094 
41 0.06 0.50 0.30 1.44861894 1.10215407 
42 0.06 0.50 0.35 1.52500722 1.11422582 
43 0.06 0.50 0.40 1.5301432 1.14527027 
44 0.06 0.50 0.50 1.57289257 1.1479254 
45 0.06 0.50 1.00 1.73745543 1.24831517 
46 0.06 0.50 2.00 1.79131344 1.26486428 
47 0.06 0.50 2.50 1.75735925 1.28256728 
48 0.06 0.50 3.00 1.79497956  
49 
16.774 
0.06 0.50 
1.50 
0.10 1.21749853 0.97555691 
50 0.06 0.50 0.50 1.5420147 1.1566747 
51 0.06 0.50 1.00 1.66916145 1.20929193 
52 0.06 0.50 2.00 1.72956174 1.28355202 
53 0.06 0.50 2.50 1.73890884 1.26627652 
54 
16.774 
0.06 0.50 
2.00 
0.10 1.23102951 1.00018747 
55 0.06 0.50 0.50 1.52217008 1.12943543 
56 0.06 0.50 1.00 1.59873327 1.16655947 
57 0.06 0.50 2.00 1.62572769 1.21115269 
58 0.06 0.50 2.50 1.5955983 1.19729962 
59 0.06 0.50 3.00 1.60958348  
60 
16.774 
0.06 0.50 
2.50 
0.10 1.26690959  
61 0.06 0.50 0.50 1.59269571  
62 0.06 0.50 1.00 1.56089457  
63 0.06 0.50 2.00 1.59738204  
64 0.06 0.50 2.50 1.63791436  
65 
16.774 
0.06 0.50 
3.00 
0.10 1.2512182 1.01292196 
66 0.06 0.50 0.50 1.57607313 1.17314357 
67 0.06 0.50 1.00 1.6218362 1.20065592 
68 0.06 0.50 2.00 1.64108489 1.20722384 
69 0.06 0.50 2.50 1.63693727 1.21016768 
70 0.06 0.50 3.00 1.61520759  
71 
16.774 
0.06 0.50 
3.50 
0.10 1.27054048  
72 0.06 0.50 0.50 1.63555014  
73 0.06 0.50 1.00 1.66098759  
74 0.06 0.50 2.00 1.67310807  
75 0.06 0.50 2.50 1.66762782  
76 16.774 0.06 0.50 4.00 0.10 1.27765548 1.02270818 
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77 
16.774 
0.06 0.50 
4.00 
0.50 1.61006892 1.18862371 
78 0.06 0.50 1.00 1.66869875 1.23051656 
79 0.06 0.50 2.00 1.6346046 1.21515495 
80 0.06 0.50 2.50 1.70373823 1.21571069 
81 0.06 0.50 3.00 1.64039916  
82 
16.774 
0.06 0.50 
4.50 
0.10 1.26784831  
83 0.06 0.50 0.50 1.61006749  
84 0.06 0.50 1.00 1.69193074  
85 0.06 0.50 2.00 1.70158566  
86 0.06 0.50 2.50 1.6845569  
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Dilatancy 3	
 
CALIBRATION 
Micromechanical Properties 
Compression Extension Kn= Kt 
(kN/m) µi µ β η 
1 
16.774 
0.06 0.50 
0.12 
0.10 0.491900351 0.476236508 
2 0.06 0.50 0.20 0.507463094 0.525032583 
3 0.06 0.50 0.25 0.557234652 0.546046065 
4 0.06 0.50 0.30 0.541238389 0.549522166 
5 0.06 0.50 0.35 * 0.589511223 
6 0.06 0.50 0.40 0.616313424 0.653789086 
7 0.06 0.50 0.45  0.608764937 
8 0.06 0.50 0.50 0.600846357 0.636965979 
9 0.06 0.50 1.00 0.604466179 0.611895788 
10 0.06 0.50 2.00 0.571915072 0.642413029 
11 0.06 0.50 2.50 0.564959706 0.46418619 
12 0.06 0.50 3.00 0.588744875  
13 
16.774 
0.06 0.50 
0.30 
0.10 0.445821844 0.483537437 
14 0.06 0.50 0.50 0.583632583 0.563219221 
15 0.06 0.50 1.00 0.662616154 0.612548324 
16 0.06 0.50 2.00 0.716604232 0.619470727 
17 0.06 0.50 2.50 0.605959772 0.569635764 
18 
16.774 
0.06 0.50 
0.50 
0.10 0.523168709 0.471701516 
19 0.06 0.50 0.20 0.508122413 0.478575122 
20 0.06 0.50 0.25 0.513644017 0.499972507 
21 0.06 0.50 0.30 0.544397392 0.565228072 
22 0.06 0.50 0.35  0.554125482 
23 0.06 0.50 0.40 0.596519992 0.594642873 
24 0.06 0.50 0.45  0.574132174 
25 0.06 0.50 0.50 0.512716733 0.588671105 
26 0.06 0.50 1.00 0.531933903 0.642956055 
27 0.06 0.50 2.00 0.602824768 0.628037079 
28 0.06 0.50 2.50 0.603017518 0.619241205 
29 0.06 0.50 3.00 0.558844373  
30 
16.774 
0.06 0.50 
0.80 
0.10 0.492220128 0.479703612 
31 0.06 0.50 0.35  0.535701087 
32 0.06 0.50 0.40  0.606970632 
33 0.06 0.50 0.45  0.578362983 
34 0.06 0.50 0.50 0.574255535 0.592599351 
35 0.06 0.50 1.00 0.659543746 0.669477879 
36 0.06 0.50 2.00 0.605607315 0.631803766 
37 0.06 0.50 2.50 0.676400839 0.608119585 
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38 
16.774 
0.06 0.50 
1.00 
0.10 0.558195975 0.52181725 
39 0.06 0.50 0.20 0.508122413 0.554757629 
40 0.06 0.50 0.25 0.513644017 0.533947869 
41 0.06 0.50 0.30 0.544397392 0.573320814 
42 0.06 0.50 0.35 0.623519046 0.562253642 
43 0.06 0.50 0.40 0.596519992 0.602352575 
44 0.06 0.50 0.50 0.608975852 0.568792422 
45 0.06 0.50 1.00 0.634912682 0.659198473 
46 0.06 0.50 2.00 0.734985555 0.650002057 
47 0.06 0.50 2.50 0.631724624 0.664687671 
48 0.06 0.50 3.00 0.669457942  
49 
16.774 
0.06 0.50 
1.50 
0.10 0.543080682 0.485639548 
50 0.06 0.50 0.50 0.564448495 0.57340398 
51 0.06 0.50 1.00 0.530322012 0.599531977 
52 0.06 0.50 2.00 0.561985641 0.63985824 
53 0.06 0.50 2.50 0.653226105 0.650319805 
54 
16.774 
0.06 0.50 
2.00 
0.10 0.524053831 0.556409409 
55 0.06 0.50 0.50 0.600187564 0.623151142 
56 0.06 0.50 1.00 0.555448051 0.558676319 
57 0.06 0.50 2.00 0.5453625 0.580322603 
58 0.06 0.50 2.50 0.545489214 0.578863568 
59 0.06 0.50 3.00 0.495388138  
60 
16.774 
0.06 0.50 
2.50 
0.10 0.549323487  
61 0.06 0.50 0.50 0.663420843  
62 0.06 0.50 1.00 0.473113356  
63 0.06 0.50 2.00 0.472650405  
64 0.06 0.50 2.50 0.578174791  
65 
16.774 
0.06 0.50 
3.00 
0.10 0.561676306 0.490598389 
66 0.06 0.50 0.50 0.617920887 0.560387296 
67 0.06 0.50 1.00 0.532405701 0.617602433 
68 0.06 0.50 2.00 0.471308167 0.56295471 
69 0.06 0.50 2.50 0.483221524 0.591213461 
70 0.06 0.50 3.00 0.479908276  
71 
16.774 
0.06 0.50 
3.50 
0.10 0.596947404  
72 0.06 0.50 0.50 0.657073494  
73 0.06 0.50 1.00 0.651186859  
74 0.06 0.50 2.00 0.533273005  
75 0.06 0.50 2.50 0.554992891  
76 
16.774 
0.06 0.50 
4.00 
0.10 0.540713635 0.510166581 
77 0.06 0.50 0.50 0.727665336 0.572465945 
78 0.06 0.50 1.00 0.662107032 0.617040828 
79 0.06 0.50 2.00 0.548131263 0.590747815 
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80 
16.774 
0.06 0.50 
4.00 
2.50 0.595329501 0.580299046 
81 0.06 0.50 3.00 0.562397491  
82 
16.774 
0.06 0.50 
4.50 
0.10 0.563316709  
83 0.06 0.50 0.50 0.675534573  
84 0.06 0.50 1.00 0.584477563  
85 0.06 0.50 2.00 0.594773471  
86 0.06 0.50 2.50 0.588840343  
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Dilatancy 34% (=5%) 
 
CALIBRATION 
Micromechanical Properties 
Compression Extension Kn= Kt 
(kN/m) µi µ β η 
1 
16.774 
0.06 0.50 
0.12 
0.10 0.41046739 0.52128007 
2 0.06 0.50 0.20 0.53006368 0.51562936 
3 0.06 0.50 0.25 0.53880809 0.53943778 
4 0.06 0.50 0.30 0.48977579 0.51424213 
5 0.06 0.50 0.35 * 0.54225355 
6 0.06 0.50 0.40 0.60174751 0.59059195 
7 0.06 0.50 0.45  0.56596856 
8 0.06 0.50 0.50 0.58594151 0.57004806 
9 0.06 0.50 1.00 0.60755906 0.54872271 
10 0.06 0.50 2.00 0.60088624 0.45664513 
11 0.06 0.50 2.50 0.5929353 0.35738445 
12 0.06 0.50 3.00 0.57394333  
13 
16.774 
0.06 0.50 
0.30 
0.10 0.44880967 0.47251181 
14 0.06 0.50 0.50 0.57612487 0.57603807 
15 0.06 0.50 1.00 0.64619815 0.58860023 
16 0.06 0.50 2.00 0.57030015 0.29059431 
17 0.06 0.50 2.50 0.54758173 0.63309577 
18 
16.774 
0.06 0.50 
0.50 
0.10 0.45129002 0.27419595 
19 0.06 0.50 0.20 0.46764294 0.50323515 
20 0.06 0.50 0.25 0.49067995 0.54259498 
21 0.06 0.50 0.30 0.52628793 0.51983105 
22 0.06 0.50 0.35  0.49035673 
23 0.06 0.50 0.40 0.5542673 0.58746251 
24 0.06 0.50 0.45  0.53582766 
25 0.06 0.50 0.50 0.48626964 0.46895758 
26 0.06 0.50 1.00 0.57276604 0.46179522 
27 0.06 0.50 2.00 0.62808004 0.46396387 
28 0.06 0.50 2.50 0.58512963 0.55461688 
29 0.06 0.50 3.00 0.58297178  
30 
16.774 
0.06 0.50 
0.80 
0.10 0.50455029 0.47750118 
31 0.06 0.50 0.35  0.51304332 
32 0.06 0.50 0.40  0.55013858 
33 0.06 0.50 0.45  0.52509074 
34 0.06 0.50 0.50 0.59545808 0.6439597 
35 0.06 0.50 1.00 0.67153859 0.57097765 
36 0.06 0.50 2.00 0.6204366 0.43454019 
37 0.06 0.50 2.50 0.57794692 0.61284147 
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38 
16.774 
0.06 0.50 
1.00 
0.10 0.55153114 0.55461688 
39 0.06 0.50 0.20 0.4909446 0.50225567 
40 0.06 0.50 0.25 0.53835517 0.52815281 
41 0.06 0.50 0.30 0.56613205 0.56407593 
42 0.06 0.50 0.35 0.61863265 0.46801379 
43 0.06 0.50 0.40 0.56504601 0.50658698 
44 0.06 0.50 0.50 0.60502339 0.61312433 
45 0.06 0.50 1.00 0.60979543 0.55034479 
46 0.06 0.50 2.00 0.73498556 0.67132482 
47 0.06 0.50 2.50 0.62701046 0.54902316 
48 0.06 0.50 3.00 0.5557355  
49 
16.774 
0.06 0.50 
1.50 
0.10 0.45547986 0.40931154 
50 0.06 0.50 0.50 0.52449376 0.49382808 
51 0.06 0.50 1.00 0.5399035 0.57761752 
52 0.06 0.50 2.00 0.55795673 0.46880871 
53 0.06 0.50 2.50 0.58084106 0.52371356 
54 
16.774 
0.06 0.50 
2.00 
0.10 0.52605564 0.40269077 
55 0.06 0.50 0.50 0.63663282 0.58601745 
56 0.06 0.50 1.00 0.45234895 0.46922561 
57 0.06 0.50 2.00 0.49806446 0.43235138 
58 0.06 0.50 2.50 0.472988 0.52341385 
59 0.06 0.50 3.00 0.40748962  
60 
16.774 
0.06 0.50 
2.50 
0.10 0.54932349  
61 0.06 0.50 0.50 0.61064599  
62 0.06 0.50 1.00 0.45841944  
63 0.06 0.50 2.00 0.52829996  
64 0.06 0.50 2.50 0.53647311  
65 
16.774 
0.06 0.50 
3.00 
0.10 0.50931178 0.44029268 
66 0.06 0.50 0.50 0.62974352 0.59612232 
67 0.06 0.50 1.00 0.5799655 0.52964111 
68 0.06 0.50 2.00 0.51973843 0.51618407 
69 0.06 0.50 2.50 0.49803782 0.4468815 
70 0.06 0.50 3.00 0.45948597  
71 
16.774 
0.06 0.50 
3.50 
0.10 0.59357079  
72 0.06 0.50 0.50 0.70519092  
73 0.06 0.50 1.00 0.63966354  
74 0.06 0.50 2.00 0.49436094  
75 0.06 0.50 2.50 0.56509833  
76 
16.774 
0.06 0.50 
4.00 
0.10 0.53946711 0.44374573 
77 0.06 0.50 0.50 0.62896575 0.6623308 
78 0.06 0.50 1.00 0.70888244 0.63319437 
79 0.06 0.50 2.00 0.49100146 0.53425163 
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80 
16.774 
0.06 0.50 
4.00 
2.50 0.5836402 0.51326106 
81 0.06 0.50 3.00 0.56701714  
82 
16.774 
0.06 0.50 
4.50 
0.10 0.56730181  
83 0.06 0.50 0.50 0.66639503  
84 0.06 0.50 1.00 0.67050648  
85 0.06 0.50 2.00 0.6041164  
86 0.06 0.50 2.50 0.5778669  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Appendix B 
107 
 
Error  ⁄  
 
CALIBR
ATION 
Micromechanical Properties Compression Extension 
Kn= Kt 
(kN/m) µi µ β η Error1 Error2 Error1 Error2 
1 
16.774 
0.06 0.50 
0.12 
0.10 23.96 17.30 7.65 5.45 
2 0.06 0.50 0.20 16.38 11.82 3.38 2.44 
3 0.06 0.50 0.25 13.62 9.83 2.57 1.86 
4 0.06 0.50 0.30 13.59 9.81 3.51 2.54 
5 0.06 0.50 0.35 *  3.67 2.65 
6 0.06 0.50 0.40 5.33 3.83 3.91 2.80 
7 0.06 0.50 0.45   5.22 3.73 
8 0.06 0.50 0.50 5.58 4.01 4.84 3.45 
9 0.06 0.50 1.00 5.30 3.81 6.32 4.51 
10 0.06 0.50 2.00 4.92 3.53 8.05 5.74 
11 0.06 0.50 2.50 4.00 2.87 7.78 5.53 
12 0.06 0.50 3.00 4.05 2.91   
13 
16.774 
0.06 0.50 
0.30 
0.10 22.55 16.27 7.69 5.48 
14 0.06 0.50 0.50 4.68 3.38 7.75 5.55 
15 0.06 0.50 1.00 5.12 3.68 11.82 8.44 
16 0.06 0.50 2.00 4.23 3.05 10.09 7.17 
17 0.06 0.50 2.50 6.00 4.33 9.86 7.02 
18 
16.774 
0.06 0.50 
0.50 
0.10 21.20 15.31 7.50 5.36 
19 0.06 0.50 0.20 17.17 12.39 3.94 2.82 
20 0.06 0.50 0.25 15.93 11.49 2.60 1.87 
21 0.06 0.50 0.30 10.86 7.85 2.85 2.04 
22 0.06 0.50 0.35   5.09 3.68 
23 0.06 0.50 0.40 5.43 3.91 4.93 3.51 
24 0.06 0.50 0.45   7.00 4.98 
25 0.06 0.50 0.50 3.57 2.57 7.56 5.39 
26 0.06 0.50 1.00 5.31 3.83 11.85 8.45 
27 0.06 0.50 2.00 8.17 5.90 12.25 8.69 
28 0.06 0.50 2.50 8.78 6.34 13.43 9.53 
29 0.06 0.50 3.00 8.18 5.91   
30 
16.774 
0.06 0.50 
0.80 
0.10 20.41 14.74 5.73 4.09 
31 0.06 0.50 0.35   4.54 3.24 
32 0.06 0.50 0.40   6.12 4.40 
33 0.06 0.50 0.45   5.37 3.83 
34 0.06 0.50 0.50 4.43 3.19 6.24 4.44 
35 0.06 0.50 1.00 6.60 4.77 12.43 8.83 
36 0.06 0.50 2.00 9.18 6.64 13.21 9.40 
37 0.06 0.50 2.50 8.23 5.95 13.13 9.33 
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38 
16.774 
0.06 0.50 
1.00 
0.10 19.90 14.37 5.20 3.72 
39 0.06 0.50 0.20 15.06 10.87 3.05 2.20 
40 0.06 0.50 0.25 12.01 8.68 4.28 3.07 
41 0.06 0.50 0.30 9.53 6.88 3.64 2.61 
42 0.06 0.50 0.35 7.77 5.60 4.40 3.15 
43 0.06 0.50 0.40 5.81 4.20 7.40 5.30 
44 0.06 0.50 0.50 3.75 2.70 6.71 4.78 
45 0.06 0.50 1.00 7.13 5.15 13.10 9.33 
46 0.06 0.50 2.00 9.11 6.58 12.85 9.13 
47 0.06 0.50 2.50 7.94 5.74 13.21 9.40 
48 0.06 0.50 3.00 8.39 6.07   
49 
16.774 
0.06 0.50 
1.50 
0.10 19.10 13.80 5.66 4.05 
50 0.06 0.50 0.50 4.90 3.53 7.07 5.05 
51 0.06 0.50 1.00 3.62 2.61 10.18 7.24 
52 0.06 0.50 2.00 7.30 5.27 13.72 9.75 
53 0.06 0.50 2.50 6.84 4.94 13.24 9.41 
54 
16.774 
0.06 0.50 
2.00 
0.10 18.51 13.37 3.86 2.76 
55 0.06 0.50 0.50 5.81 4.20 5.68 4.06 
56 0.06 0.50 1.00 5.76 4.15 7.81 5.57 
57 0.06 0.50 2.00 3.65 2.62 8.78 6.26 
58 0.06 0.50 2.50 4.61 3.32 8.92 6.37 
59 0.06 0.50 3.00 6.08 4.38   
60 
16.774 
0.06 0.50 
2.50 
0.10 16.23 11.73   
61 0.06 0.50 0.50 3.89 2.81   
62 0.06 0.50 1.00 4.76 3.44   
63 0.06 0.50 2.00 4.24 3.05   
64 0.06 0.50 2.50 5.96 4.29   
65 
16.774 
0.06 0.50 
3.00 
0.10 16.48 11.91 4.41 3.16 
66 0.06 0.50 0.50 3.14 2.28 8.59 6.12 
67 0.06 0.50 1.00 3.46 2.50 10.50 7.49 
68 0.06 0.50 2.00 3.49 2.51 8.80 6.25 
69 0.06 0.50 2.50 5.76 4.14 8.03 5.72 
70 0.06 0.50 3.00 5.55 3.99   
71 
16.774 
0.06 0.50 
3.50 
0.10 15.61 11.28   
72 0.06 0.50 0.50 3.14 2.27   
73 0.06 0.50 1.00 4.16 3.00   
74 0.06 0.50 2.00 4.19 3.03   
75 0.06 0.50 2.50 2.92 2.11   
76 
16.774 
0.06 0.50 
4.00 
0.10 16.66 12.04 4.88 3.50 
77 0.06 0.50 0.50 2.13 1.54 8.10 5.78 
78 0.06 0.50 1.00 4.32 3.11 12.52 8.90 
79 0.06 0.50 2.00 3.83 2.76 10.91 7.76 
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80 
16.774 
0.06 0.50 
4.00 
2.50 3.27 2.36 10.37 7.38 
81 0.06 0.50 3.00 3.86 2.78   
82 
16.774 
 
0.06 0.50 
4.50 
0.10 15.67 11.33   
83 0.06 0.50 0.50 3.00 2.17   
84 0.06 0.50 1.00 6.73 4.87   
85 0.06 0.50 2.00 5.78 4.18   
86 0.06 0.50 2.50 3.52 2.54   
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CALIBR
ATION 
Micromechanical Properties Compression Extension 
Kn= Kt 
(kN/m) µi µ β η Error1 Error2 Error1 Error2 
1 
16.774 
0.06 0.50 
0.12 
0.10 7.77 6.17 55.01 44.41 
2 0.06 0.50 0.20 4.07 3.19 66.39 53.56 
3 0.06 0.50 0.25 8.62 6.48 64.18 51.57 
4 0.06 0.50 0.30 10.26 8.03 62.97 50.77 
5 0.06 0.50 0.35 *  61.09 49.09 
6 0.06 0.50 0.40 14.92 11.13 60.72 48.80 
7 0.06 0.50 0.45   66.78 53.51 
8 0.06 0.50 0.50 8.24 6.12 64.95 52.01 
9 0.06 0.50 1.00 10.09 7.78 64.27 51.47 
10 0.06 0.50 2.00 4.21 3.22 71.42 57.31 
11 0.06 0.50 2.50 7.92 5.91 69.67 55.71 
12 0.06 0.50 3.00 8.31 6.41   
13 
16.774 
0.06 0.50 
0.30 
0.10 2.38 1.83 54.41 43.93 
14 0.06 0.50 0.50 8.84 6.73 72.90 58.57 
15 0.06 0.50 1.00 11.76 8.70 78.28 62.70 
16 0.06 0.50 2.00 5.99 4.57 70.81 56.58 
17 0.06 0.50 2.50 8.47 6.42 70.75 56.73 
18 
16.774 
0.06 0.50 
0.50 
0.10 13.07 10.12 61.29 49.62 
19 0.06 0.50 0.20 3.62 2.98 57.73 46.66 
20 0.06 0.50 0.25 2.30 1.76 60.70 48.87 
21 0.06 0.50 0.30 9.11 7.07 67.13 53.86 
22 0.06 0.50 0.35   63.43 51.12 
23 0.06 0.50 0.40 8.34 6.22 66.37 53.13 
24 0.06 0.50 0.45   67.82 54.32 
25 0.06 0.50 0.50 13.97 10.53 71.96 57.79 
26 0.06 0.50 1.00 9.84 7.33 80.17 64.20 
27 0.06 0.50 2.00 11.20 8.45 74.14 59.07 
28 0.06 0.50 2.50 10.47 7.89 72.32 57.77 
29 0.06 0.50 3.00 6.48 4.78   
30 
16.774 
0.06 0.50 
0.80 
0.10 16.04 12.30 67.53 54.38 
31 0.06 0.50 0.35   64.63 51.89 
32 0.06 0.50 0.40   67.30 54.24 
33 0.06 0.50 0.45   63.32 50.77 
34 0.06 0.50 0.50 7.12 5.30 66.78 53.47 
35 0.06 0.50 1.00 8.67 6.59 75.89 60.72 
36 0.06 0.50 2.00 11.02 8.27 74.65 59.74 
37 0.06 0.50 2.50 8.70 6.59 67.79 54.17 
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38 
16.774 
0.06 0.50 
1.00 
0.10 12.94 9.83 67.96 54.81 
39 0.06 0.50 0.20 8.49 6.49 67.86 54.66 
40 0.06 0.50 0.25 11.54 8.90 72.16 58.04 
41 0.06 0.50 0.30 9.52 7.17 71.55 57.43 
42 0.06 0.50 0.35 7.23 5.66 63.65 51.19 
43 0.06 0.50 0.40 12.56 9.59 75.64 60.80 
44 0.06 0.50 0.50 9.45 7.11 70.47 56.65 
45 0.06 0.50 1.00 8.39 6.26 77.20 61.77 
46 0.06 0.50 2.00 12.38 9.28 72.99 58.38 
47 0.06 0.50 2.50 10.23 7.57 73.50 58.82 
48 0.06 0.50 3.00 12.45 9.44   
49 
16.774 
0.06 0.50 
1.50 
0.10 15.68 11.79 71.28 57.57 
50 0.06 0.50 0.50 9.29 6.94 69.94 56.06 
51 0.06 0.50 1.00 1.88 1.52 68.57 54.86 
52 0.06 0.50 2.00 10.53 7.85 80.67 64.60 
53 0.06 0.50 2.50 7.22 5.40 74.92 60.05 
54 
16.774 
0.06 0.50 
2.00 
0.10 14.78 11.10 69.55 55.87 
55 0.06 0.50 0.50 10.38 7.92 68.88 55.49 
56 0.06 0.50 1.00 2.79 2.34 66.30 53.36 
57 0.06 0.50 2.00 2.82 2.23 62.03 49.92 
58 0.06 0.50 2.50 5.06 3.94 62.74 50.67 
59 0.06 0.50 3.00 3.51 2.84   
60 
16.774 
0.06 0.50 
2.50 
0.10 19.01 14.35   
61 0.06 0.50 0.50 10.44 7.79   
62 0.06 0.50 1.00 2.72 2.35   
63 0.06 0.50 2.00 2.42 1.97   
64 0.06 0.50 2.50 6.68 4.95   
65 
16.774 
0.06 0.50 
3.00 
0.10 22.42 16.91 72.84 58.76 
66 0.06 0.50 0.50 13.69 10.11 81.26 65.20 
67 0.06 0.50 1.00 5.05 3.96 75.23 60.47 
68 0.06 0.50 2.00 2.44 1.91 60.03 48.19 
69 0.06 0.50 2.50 4.41 3.30 59.42 47.68 
70 0.06 0.50 3.00 2.12 1.63   
71 
16.774 
0.06 0.50 
3.50 
0.10 25.25 19.04   
72 0.06 0.50 0.50 20.70 15.46   
73 0.06 0.50 1.00 7.16 5.40   
74 0.06 0.50 2.00 4.70 3.66   
75 0.06 0.50 2.50 2.66 2.20   
76 
16.774 
0.06 0.50 
4.00 
0.10 20.13 15.02 70.97 57.20 
77 0.06 0.50 0.50 20.89 15.56 82.38 66.01 
78 0.06 0.50 1.00 13.18 9.86 80.02 63.91 
79 0.06 0.50 2.00 7.52 5.55 68.97 55.37 
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80 
16.774 
0.06 0.50 
4.00 
2.50 1.71 1.29 66.96 53.76 
81 0.06 0.50 3.00 3.65 2.98   
82 
16.774 
0.06 0.50 
4.50 
0.10 20.12 15.07   
83 0.06 0.50 0.50 17.44 12.86   
84 0.06 0.50 1.00 10.10 7.37   
85 0.06 0.50 2.00 10.24 7.76   
86 0.06 0.50 2.50 1.96 1.54   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
